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An ablation study on hybrid quantum neural networks for enhancing brain tumour diagnosis
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ABSTRACT

The proposed work developed a robust hybrid quantum neural network model (HQNN) to mitigate the model overrating problem for MRI brain tumour diagnosis. As quantum computing is the future of computation, the proposed work analyzed the impact of quantum layers on HQNN architectures and quantum advantages in improving model generalisation through an ablation study. We designed a single-layered shallow 10-Qubit parameterised quantum circuit (PQC) to reduce the model’s overrating. Fifteen HQNN models were designed, incorporating a diverse set of quantum gate arrangements to explore their effects on model performance. Through ablation experiments, the proposed work utilised the substantial impact of single-layered shallow PQC with Rx rotation, H-Gate superposition, and CZ entanglement in improving model expressivity and more stable performance on validation data, and enhanced the model’s robustness. The proposed PQC compensates for the reduced regularisation effect caused by turning off 10% of neuron activations at each training step in the HQNN model. It improved the validation accuracy of the model by 4.73%, indicating better generalisation than classical FCNN models. The proposed work used brain tumour classification datasets from Kaggle and figshare repositories. We compared our HQNN model with state-of-the-art (SOTA) methods on standard MRI brain tumour datasets. The proposed HQNN model outperformed the SOTA methods with 98.17% test accuracy in binary classification and 96.97% test accuracy in multi-class classification.
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Introduction

Brain tumours are rapid and unexpected divisions of cells within brain tissues. These rapid tissue growths are divided into two types: benign and malignant. Benign tumours are noncancerous and grow slowly, whereas malignant tumours are cancerous tissue growths that are considered aggressive and spread to other areas of the brain [1]. Central nervous system (CNS) tumours, such as Gliomas, meningiomas, and pituitary adenomas, account for 250,000 cases annually [2]. Identifying and characterising brain tumours and categorising them are crucial for diagnostics [3]. Current diagnostic methods face two major difficulties in identifying the tumour types: time consumption and interpretation variability across experts [4]. Advanced AI methods are needed to address these challenges, and enhance diagnostic accuracy and improve tumour type differentiation [5]. The proposed work designed a single-layered shallow 10-Qubit parameterised quantum circuit and integrated it into an optimised neural network model to improve the diagnostic accuracy and robustness of the model for MRI brain tumour classification.

Magnetic resonance imaging (MRI) [6] is a non-invasive, high-resolution, 3D imaging technique used for visualising complex brain tumour structures while avoiding radiation exposure. Since MRI produces hundreds of images per subject, manual inspection of MRI brain scans is a time-consuming task for radiologists and physicians. Manual techniques are hard to reproduce the results and impractical for huge volumes of data [7]. Artificial intelligence (AI) methods have proven accurate and fast in identifying and classifying brain tumours [8,9]. The AI methods for brain tumour diagnosis include machine learning (ML) classifiers, artificial neural networks (ANNs), and convolutional neural networks (CNNs) [7,10,11,12,13 and 14]. For MRI brain tumour classification, researchers have extracted radiomic features [15] [16], geometric features [17,18], statistical features [19,20], and deep features [21,22 and 23]. These features are utilised to train ML classifiers and ANN models.

CNN models work directly on images and extract superior features for autonomous learning. In recent years, the structure of CNNs has become more complex and diverse, leading to advanced CNN models. These advanced architectures replace traditional machine learning methods for segmenting and classifying brain tumours [24]. The modern deep learning models are effective and accurate in automatic segmentation of tumours and help radiologists in differentiating healthy brain tissues from cancerous ones with high precision [25,26 and 27].

The scarcity of comprehensive and balanced MRI brain tumour datasets is a major concern [28]. A limited amount of MRI brain tumour datasets is a bottleneck in medical image analysis and causes poor generalisation of deep learning models across different imaging conditions and tumour presentations [29]. CNNs use millions of complex, correlated parameters, making them prone to overfitting for small datasets [30]. In such cases, the network memorises noise instead of learning generalisable features. MRI brain images are complex due to multidimensionality, multiple contrast mechanisms, noise, and artifacts. Dropout [31] is one technique to overcome model overfitting by randomly dropping some units of the model. The other popular classical techniques to mitigate overfitting are regularisation and early stopping.

Quantum neural networks (QNNs), a subclass of quantum machine learning (QML), compute data using unique quantum properties: superposition, entanglement, and inference. CNNs are limited in their expressivity for complicated MRI brain images, and quantum neural networks can be more expressive due to superposition and entanglement [32]. Quantum machines can process complex operations and solve difficult problems better than classical computers [33]. QNNs can offer better generalisation with their unitary computing process [34]. QNNs train faster, express more functions, and generalise better than comparable classical models [35,36]. Quantum feature maps non-linearly encode classical input into high-dimensional quantum spaces [37], helping the QNN to capture complex patterns with limited training samples. Hybrid approaches use the best classical and quantum paradigms to solve problems in the current noisy intermediate-scale quantum era (NISQ). Modern hybrid quantum-classicalneural network models combine quantum circuits with neural networks [38,39 and 40]. Ablation studies on a hybrid quantum-classical neural network have proven quantum components enhancing the performance of the models [41,42 and 43].

However, QNNs with increased circuit depth face vanishing gradient problem called barren plateau [44]. The gradients of the cost function become exponentially small making the model unable to update the parameters effectively [45,46]. Using shallow PQCs with reduced circuit depth is a solid approach to mitigate exponential vanishing gradients in QNNs and effectively train the model against the barren plateau [47]. To design an effective hybrid quantum neural network model (HQNN), it is essential to systematically analyse both the architectural components of the quantum circuits and the hyperparameters of the neural networks [48,49].

The proposed work developed a shallow 10-Qubit PQC to avoid the barren plateau while maintaining the model’s generalisation. We developed fifteen HQNN models incorporating a single-layer shallow PQC for MRI brain tumour classification and performed an empirical ablation study to identify the quantum advantage in each model’s performance. The major contributions of the proposed work are summarised below:


	We designed a 10-qubit shallow PQC with a single quantum layer and blended it with an optimised neural network architecture. In the proposed work, we observed that the correlated quantum feature processing of MRI brain tumour images by the PQC enhanced the robustness of the proposed hybrid quantum neural network model.

	The proposed work performed an empirical ablation study on both the classical and quantum components. We conducted the ablation experiments in three stages as listed below:

	Ablation on classical neural network architecture to optimise the model.

	Ablation on the proposed single-layer shallow 10-Qubit PQC to configure the best combination of quantum gates for MRI brain tumour classification.

	Ablation on the PQC by varying the depth of the quantum circuit to observe the generalisation effect for increased quantum layers.




	The proposed work developed fifteen HQNN models. We evaluated the impact of fifteen different quantum gate combinations on brain tumour diagnosis using HQNN models. The results highlighted both positive and negative effects on performance. We observed a quantum advantage in terms of model generalisation, with the combination of Hadamard, Rx, and CZ gates significantly enhancing the validation performance of the proposed hybrid quantum-classical neural network.



The remainder of the article is structured as follows: Section 2 explores related works, while Section 3 delves into methodology. The findings of the proposed work are discussed in Section 4, and the conclusion is summarised in Section 5.



Related works

Existing research has developed advanced neural network architectures for MRI brain tumour classification. The rise of quantum machine learning has helped develop quantum neural networks and hybrid quantum neural network models for braintumour classification. This section discusses the related works to the proposed methodology.


AI models with PCA

Principal component analysis was employed for feature dimension reduction, and it improved the accuracy of the Support Vector Machines Model [50]. Basthikodi et al. extracted MRI brain features using Histogram of Oriented Gradients (HOG) and Local Binary Pattern (LBP) techniques. Their model scored 86.57% accuracy during validation. When used with PCA, the model scored 94.20% validation accuracy.

Shoaib et al. utilised pre-trained convolutional neural network models such as Dense-Net201, EfficientNetB5, and InceptionResNetV2 to extract high-level features from MRI brain images for tumour classification. The high dimension MRI features from the models are as follows: 1920 features from DenseNet201, 1537 features from Efficient-NetB5, and 2049 from InceptionResNetV2. To reduce the number of features and preserve the most important features, they used the PCA algorithm. The combination of DenseNet201 and PCA for support vector machines (SVM) and artificial neural networks (ANN) models gave superior performance with 100% and 98% accuracy scores for two different MRI brain tumour datasets [51].

In another study, for MRI brain tumour classification, PCA was used with Particle-swarm optimization (PSO) for feature optimisation and dimensionality reduction [52]. Pal et al. extracted radiomic features from MRI brain scans and further applied PSO and PCA. They used PCA to reduce the features and the xtreme gradient boosting (XGB) classifier scored 99.8%, 99.9%, and 99.7% accuracy, respectively. Pande & Chaki applied DenseNetl21 and ResNetlOl pre-trained models to MRI brain images for feature extraction. The features extracted by the two models (2048+ 1024 = 3072) were used to train a random forest classifier (RF), and it produced 98.1% accuracy. Using PCA, 3072 features were reduced to 2511 principal components. With the reduced features, the RF classifier saw better performance with 99.7% accuracy [53]. According to them, the PCA algorithm reduced the feature dimensions, improved training efficiency, and mitigated model overfitting.



Quantum models

An MRI-radiomics variational QNN model was developed to differentiate solitary large brain metastases (LBM) from high-grade gliomas (HGG) [54]. Felefly et al. extracted 1813 radiomic features from MRI brain images. They selected the 10 best features using a quantum annealer. They further reduced the features into three features using PCA. Three features were then encoded into quantum states using Y-axis rotations. For binary classification, they developed a QNN with a two-qubit parameterised variational circuit. When evaluated on test dataset, their QNN performed comparable to the XGB model and a dense neural network model with 74% balanced accuracy and 77% precision.

Kumar et al. developed a quantum support vector machine (QSVM) based quantum model for benign and malignant brain tumour classification [55]. They used the BraTS 2015 dataset. The thirteen features per sample in the dataset were reduced to 2 featuresper sample using the PCA algorithm. The features were mapped into quantum states using ZZfeaturemap. They executed two quantum models: kernel-based QSVM and variational QSVM, in IBMQ Lima, a 5-qubit quantum processor. The models were also executed in two quantum simulators: STATEVECTOR and IBM QASM. The kernel-based QSVM performed better than the variational QSVM and classical SVM in accuracy and computational time. They observed that the 32-bit quantum simulators required less time than the 5-qubit real-time quantum processor to run the models.

A quantum convolutional neural network model developed by Ticku et al. performed better than the classical ResNet50 model with 92.13% test accuracy in MRI brain tumour classification [56]. They designed a quantum convolutional layer (QCL) with a quantum circuit, initialised with 4 qubits, and incorporated an Rx rotation gate to learn features. The circuit used Controlled-Rotation-X (CRX) and CRz gates to pair neighbouring qubits. The classical image features are embedded into quantum states using Y rotation gates. With 4 qubits, the QCL assumed the input images were cut into 2*2 pixel squares. This was similar to a 2*2 kernel and a stride of 2 in classical CNN models. The QCL, comprising multiple stacked quantum circuits, learnt the features relevant to types of brain tumours through training iterations.



Hybrid quantum models

Akpinar & Oduncuoglu developed a hybrid quantum approach with classical ensemble feature selection and a parametrised quantum circuit for glioma grade classification with 74% accuracy [57]. They combined the features from the ensemble of 19 filter-based, embedded-based, and wrapper-based techniques for feature selection. They experimented with 6 parameterised quantum circuits for the classification task. The hyperparameters, such as the gates in the PQCs and feature map embedding, are adjusted to prepare 6 PQCs. As a result of their experimentation, they figured out that the PQC with RY, Rz and CY gates performed well.

A hybrid quantum-classical convolutional neural network architecture (QCCNN) was developed by Choudhuri & Haider for binary classification of MRI brain tumours [58]. They designed a QCL layer with an encoder to embed the image data into quantum states using rotation angles, a random quantum circuit to extract useful spatial details and features, and a decoder to measure the quantum data into classical form. Their hybrid model incorporates classical convolutional layers for further processing of the QCL output features. The architecture comprises two QCLs, two classical convolutional layers, a flatten layer, and two dense layers at the end. They used 3 datasets: BraTS 2013, Harvard Medical School dataset, and a private dataset. The QCCNN scored accuracy scores of 98.72%, 98.46%, and 98.17% on three datasets, respectively. Their findings demonstrate the better performance of QCCNN over a CNN architecture.

Depth-wise convolutional layers were integrated with quantum feature-encoding circuits, forming a hybrid quantum convolutional neural network (HQCNN) [32]. They designed a quantum circuit with an Rx gate for rotation angle adjustment during training and CRX, CRz gates for adjacent pairing of qubits. Their hybrid model produced 91.47% validation accuracy in MRI brain tumour classification. Ullah, M.S. et al. developed a hybrid approach incorporating pre-trained CNN models and a Quantum Theory-based Marine Predatory Optimization Algorithm (QTbMPA) for extracting and selecting MRI brain image features [59]. They optimised the hyperparameters of the pre-trained InceptionResNetV2 and EfficientNetBO models to extract features. The best among the extracted features are selected using QTbMPA for accurate classification. For the flgshare brain tumour dataset, their classification model produced 99.80% accuracy.

A multi-level brain tumour classification model called Pyramid Quantum Dilated Convolutional Neural Network (PyQDCNN) was developed by Jetlin and Sherly [60]. They applied a U-Next model for MRI brain tumour segmentation. Initially, the PyQDCNN model was utilised to detect the presence of the tumour. After detection, the model was further used for multi-class classification of the brain tumours. For classification, the authors extracted features such as statistical, shape, and CNN features. The PyQDCNN model performed well for multi-class classification on the flgshare dataset with 94.1% accuracy and 92.1% precision.



Research gap and motivation

In the current NISQ era, quantum machine learning is still in the development stages. The healthcare sector has not explored quantum computing and QML techniques fully [55]. With limited MRI brain images, Model overfitting, and poor generalisation are significant concerns in CNN models [28,29 and 30,32]. From the existing works [32,61,62], CNN models for MRI brain tumour classification faced the overfitting problem.

In [51] and [53,59,60], the authors extracted deep features from MRI brain images using pre-trained CNN models. The deep features can provide crucial hidden MRI information. But most of the features redundant and irrelevant to the classification tasks. Hence, a feature selection technique is needed to select important features and avoid overtraining of the classifiers. Hence, they used PCA to select important features.

Due to qubit limitations, in [54] and [55], the authors reduced the MRI brain features into three and two features for efficient quantum encoding. Representing the complex MRI brain images with two or three features to train a model might compromise the robustness of the model.

In [51,58], classical convolutional layers were used in the hybrid quantum models. Executing the hybrid models with a quantum circuit and millions of trainable parameters in CNN layers might lead to computational overhead. In [56], the stacking of multiple quantum circuits contributed to an increase in the model’s architectural complexity. The quantum methods in [54] and [57] produced moderate performance with 74% accuracy.

Model generalisation is important in medical diagnosis models to create a real-time impact. In the proposed work, we utilised a shallow 10-Qubit PQC in creating a robust HQNN model for MRI brain tumour classification. The proposed work used PCA to extract the ten best features from MRI brain images. To handle each feature efficiently, we used ten qubits to encode each feature into one qubit. The proposed 10-qubit hybrid quantum model has proven to be a robust model with generalised performance on both validation and test data.

QNNs offer different performances for different quantum gates [63]. More experiments are needed to demonstrate the quantum advantages and compare QNNs with classical neural networks, thereby showing better generalisation in QNNs [33]. Hence, the proposed work performed various ablation experiments to analyze the quantum advantages in the proposed HQNN models for MRI brain tumour classification.

 
 
 

Methodology

The proposed methodology developed a hybrid quantum neural network model and performed ablation studies on classical and quantum modules. The PCA algorithm is utilised to reduce the high dimensions of MRI brain images into meaningful principal components. The FCNN and HQNN architectures were developed by choosing the appropriate layers, activation functions, and other necessary hyperparameters. The elements of the proposed architectures are removed and replaced to find the best-performing HQNN model. Figure 1 provides the graphical abstract of the proposed work.


Data augmentation

Data Augmentation [64] techniques ensure adequate images are supplied to the neural network models, specifically when the dataset holds a minimum images. In image data-sets, data augmentation involves creating images similar to the existing ones. It is necessary to prepare more images for model training and avoid data imbalance problems where the number of images in one class may exceed the others. The imbalanced dataset may affect the model’s training significantly [65]. The proposed work employed a symmetry-based data augmentation technique for MRI brain images, where flip, mirror, and rotation operations are applied to the brain images.



Quantum feature extraction

The proposed work extracted 10 best features from MRI brain images using PCA, and encoded the features into quantum states. PCA reduces the dimensions of high-dimensional MRI brain images and retains significant information. It reduces the dataset’s complexity, recognising subtle patterns by amplifying the similarities and differences. The reduced features help the neural networks detect the subtle patterns in MR1 images and improve the model’s performance [50,51 and 52]. For hybrid quantum neural networks, the PCA features are well-suited for quantum data encoding and PQC training.
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Figure 1. Framework of the proposed methodology.
 
Quantum data encoding [66] embeds classical MR1 features into quantum states, enabling it to be processed in quantum computations. Angle encoding [67] is one technique to map features into quantum states. This technique encodes classical features as a rotational angle on a qubit within the Bloch sphere [68], a unit sphere representing a qubit’s orientation in quantum state space. Angle encoding is used in hybrid quantum neural networks for MR1 brain tumour classification and has been proven to be effective [58,69,70]. The proposed work uses the Rx rotation gate and 10 qubits to facilitate an efficient quantum representation of 10 classical MRI brain features.

At first, 10 essential features from MRI brain images were extracted using PCA. The MRI brain images with the dimensions of (m x n) are flattened into a one-dimensional vector with d = m x n dimensions. Given N images, the matrix X with size N x d represents a new dataset, each row corresponding to a flattened image.

The flattened data are normalised as shown in Equation (1) to have zero mean and unit variance which avoids bias towards features with high magnitudes. The mean (μ) is subtracted from each feature. Xnormalized is the normalised brain image dataset.

(1) 
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    normalized
  
  =
  X
  −
  μ


As shown in Equation (2), the covariance matrix C is computed to capture the relationship between different features in the dataset.
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From the covariance matrix C, the eigenvector matrix V is computed, where the eigenvectors correspond to principal components. The eigenvalue decomposition is applied to the covariance matrix C, as shown in Equation (3).

(3) 
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  Λ
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    T
  


A represents the diagonal matrix of eigenvalues. The eigenvalues are sorted in descending order, and their corresponding eigenvectors are rearranged accordingly. The top 10 eigenvectors (principal components) that capture the most significant variance in the data are selected since they represent the essential features of MRI brain images. The selected principal components transform the normalised MRI data into a new feature space. The projection of the original data Xnormalized onto the principal components is shown in Equation (4).
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V10 is the matrix containing the top 10 eigenvectors. Y is the transformed data matrix with the dimension of N x 10.

The PCA-transformed dataset with n samples and d features is represented as Equation (5).
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The samples are represented as rows in Xpca, and the feature vector for a single sample is represented as Equation (6).
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The 10 essential MRI brain features for each sample are encoded into quantum states. The proposed work used 10 qubits for the encoding scheme, and each qubit represents one feature. The d qubits are initialised to the basis state |0〉⊗d . The Rx rotation gate is a single-qubit rotation gate that rotates the qubit state around the X-axis of the Bloch sphere. The classical feature x, from the PCA-transformed dataset Xpca is normalised to a rotation angle θi ∊ [0, Π] via min-max scaling (Equation 7). Here, min (Xpca) and max (Xpca) are computed globally across all features to ensure consistent encoding.
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For each feature xi, in a given sample, an Rx gate is applied to the corresponding qubit as shown in Equation (8).
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Rx rotation encodes the features into quantum states (Equation 9).
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The Rx(6) transformation encodes classical feature x, into a quantum state parameterised by the angle xi, which is normalised to [0, Π] (Equation 7). This angle controls the probability amplitude of measuring the qubit states. The quantum circuit for a single sample is represented in Equation 10.
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Here Uencode is applied to the initial state |0〉⊗d and each qubit independently encodes a feature.



Proposed HQNN

QNNs use quantum circuits (PQC) analogous to dense layers in classical neural networks for processing information [71,72]. HQNN combines classical neural network architectures with PQCs, which is a promising approach for image classification [72,73 and 74]. PQC prepares quantum states with quantum processors, and the measurements are carried out by measurement operators. The measured values are processed by classical layers [75]. In designing PQC, the Rx rotation gate better enhances the expressibility of the circuit than RY and Rz [76]. Shallow quantum circuits that run in constant time can be more powerful than classical circuits [77].

In the proposed work, the HQNN model is designed by integrating the proposed shallow PQC with the fully connected neural network architecture to process quantum-encoded MRI brain features. After PQC, the measured quantum features are processed by dense layers for classification. To analyse the impact of quantum gates in PQC for MRI brain tumour classification, the proposed work designed 15 PQCs with different quantum gates, such as rotation gates RX, RY, and RZ, entanglement gates CZ and CNOT, and Hadamard gate for superposition. The design of the proposed 10-Qubit PQC with Hadamard gate (H) superposition, parameterised Rx rotation, and Con-trolled-Z (CZ) entanglement is shown in Figure 2.

The PQC processes 10 quantum-encoded MRI brain features using parameterised Rx gate to encode features for learning, a CZ gate entanglement for correlated feature processing, and Pauli-Z to measure the outcomes of each qubit.

For each feature, the circuit applies superposition using the H gate. This gate transforms computational basis states into superpositions as Equation 11.
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The basis state transformations on |0) and 11) mentioned in Equation 12 and Equation 13.
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For an arbitrary single-qubit state (Equation 14), the superposition is applied as Equation 15.
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Figure 2. Proposed 10-Qubit Shallow PQC.
 
As all 10 qubits are initialised to |0〉⊗d, the H gate puts them into uniform superposition (Equation 16)

(16) 
  
    H
    
      ⊗
      10
    
  
  
    
      |
      0
      ⟩
    
    
      ⊗
      10
    
  
  =
  
    1
    
      
        2
        10
      
    
  
  
    ∑
    
      k
      =
      0
    
    
      
        2
        10
      
      −
      1
    
  
  
    |
    k
    ⟩
  
  ,
   where 
  
    |
    k
    ⟩
  
  =
  
    |
    
      k
      0
    
    
      k
      1
    
    …
    
      k
      9
    
    ⟩
  


|k〉 represents all possible 10-qubit basis states. The parameterised Rx(θi) gate adjusts the probability amplitudes during training, assuming θi as the trainable parameter for the i-th qubit (Equation 17). For classification, θi is tuned to minimise a cost function.

For a qubit in state |ki〉, where ki ∊ {0, 1}, and 1 — ki is the flipped state of ki
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Each Rx(θi) transforms the i-th qubit’s state |ki〉 as in Equation 17. For the proposed 10-qubit PQC, the Rx gates are applied to all qubits in the superposition state (Equation 18)
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The controlled-Z (CZ) gate is a two-qubit gate to create entanglement between qubits. Here, a Pauli-Z operation is applied to the target qubit only when the control qubit is in the |1〉 state.

Consider two-qubit basis states {|00〉, |01〉, |10〉, |11〉}, the task of a CZ gate between them is to introduce a phase flip to the 111 ) state, leaving all other states unchanged.

For the 10-qubit system, CZ gates are applied to adjacent qubits sequentially as defined in Equation (19).
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Considering the states of the qubits after Rx(θ) as |Φ〉, the entangled state |Φentangled〉 becomes Equation (20).
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With entanglement, the states of qubits are made interdependent by applying CZ gates in the grid. This allows for feature correlations that classical systems cannot replicate.

The quantum states are measured using the Z measurement operator to extract classical information from the final quantum states. The measurement operator for a single-qubit and the proposed 10-qubit system are shown in Equation (21) and Equation (22).
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[image: Starting from the Input at the left, the sequence flows through repeating blocks of Dense, Leaky R e L U, and Batch Norm layers ending at the Output.]
Figure 3. Proposed FCNN architecture.


[image: Starting from Quantum Input at left, the horizontal architecture flows through P Q C, Lambda, and descending Dense layers with Leaky R-e L U and BatchNorm to a final Output.]
Figure 4. Proposed HQNN architecture.

The measurement returns the probabilistic outcome of bitstrings {S0 Sj S2 ... S9}, where Si ∊ {0,1}.

A lambda layer is used to reshape the PQC output to ensure the output has a consistent shape that can be fed into subsequent classical neural network layers. The proposed classical and hybrid quantum neural network architectures are shown in Figures 3 and 4.



Ablation study

QNNs show varied performance depending on quantum gate variations [63]. Designing and testing of quantum layers with different combinations of gates reveals the impact of each gate on the model’s performance. Ablation removes a certain component of the model and replaces it with another component, which eventually leads to differences in the outcome. The measured difference marks the impact of the component on the model’s performance. In the proposed work, an ablation study is performed on classical FCNN to determine the best-performing classical component combination. Table 1 outlines the architectures of the proposed classical FCNN models. For the hybrid models, the FCNN1 architecture, which has the fewest parameters among the models, is integrated with a quantum layer. The ablation study is conducted on hybrid quantum neural network architectures by altering the combinations of quantum gates. The proposed hybrid architectures are shown in Table 2.


 

Table 1. Proposed fully connected neural network models.


	Layer
	Attribute
	FCNN1
	FCNN2
	FCNN3





	Input
	Type
	Input Layer
	Input Layer
	Input Layer



	
	Input Shape
	(10,)
	(10,)
	(10,)



	Dense_1
	Units
	-
	512
	512



	
	Activation
	-
	Leaky ReLU
	Leaky ReLU



	Dropout_1
	Dropout Rate
	-
	0.2
	0.1



	Dense_2
	Units
	256
	256
	256



	
	Activation
	Leaky ReLU
	Leaky ReLU
	Leaky ReLU



	Dropout_2
	Dropout Rate
	0.2
	0.2
	0.1



	Dense_3
	Units
	128
	128
	128



	
	Activation
	Leaky ReLU
	Leaky ReLU
	Leaky ReLU



	Dropout_3
	Dropout Rate
	0.2
	0.2
	0.1



	Dense_4
	Units
	64
	64
	64



	
	Activation
	Leaky ReLU
	Leaky ReLU
	Leaky ReLU



	Dropout_4
	Dropout Rate
	0.2
	0.2
	0.1



	Dense_5
	Units
	32
	32
	32



	
	Activation
	Leaky ReLU
	Leaky ReLU
	Leaky ReLU



	Dropout_5
	Dropout Rate
	0.2
	0.2
	0.1



	Dense_6
	Units
	16
	16
	16



	
	Activation
	Leaky ReLU
	Leaky ReLU
	Leaky ReLU



	Dropout_6
	Dropout Rate
	0.2
	0.2
	0.1



	Dense_7
	Units
	-
	8
	8



	
	Activation
	-
	Leaky ReLU
	Leaky ReLU



	Dropout_7
	Dropout Rate
	-
	0.2
	0.1



	Output
	Units
	4 (Multiclass Classification)
	4 (Multiclass Classification)
	4 (Multiclass Classification)



	
	Activation
	Softmax
	Softmax
	Softmax









Results and discussion


Dataset

The proposed work uses four brain tumour classification datasets taken from Kaggle and figshare repositories for training and validating the proposed models. The details of the datasets are listed in Table 3. The Brain Tumour MRI Dataset [78] and Brain Tumour Classification dataset [79] contain 4 classes of MRI brain images: glioma, meningioma, pituitary, and no tumour. The Brain Tumour Dataset [80] contains three classes of images: glioma, meningioma, and no tumour. The Br35H Brain Tumour Detection 2020 [81] contains two classes of MRI brain images, such as tumour and no tumour. The proposed work used the Brain Tumour MRI Dataset to train the FCNN and HQNN models. The best-performing model was trained and validated using the remaining data-sets to prove the reliability and versatility of the proposed hybrid model architecture for brain tumour diagnosis.



Table 2. Proposed hybrid quantum neural network models.


	Model
	Classical Component
	Quantum Components



	Variational parameter
	Superposition
	Entanglement





	HQNN1
	FCNN1
	Rx gate
	H-Gate
	CZ gate



	HQNN2
	FCNN1
	RY gate
	H-Gate
	CZ gate



	HQNN3
	FCNN1
	Rz gate
	H-Gate
	CZ gate



	HQNN4
	FCNN1
	Rx gate
	H-Gate
	C-NOT gate



	HQNN5
	FCNN1
	RY gate
	H-Gate
	C-NOT gate



	HQNN6
	FCNN1
	Rz gate
	H-Gate
	C-NOT gate



	HQNN7
	FCNN1
	Rx gate
	Did not Applied
	CZ gate



	HQNN8
	FCNN1
	RY gate
	Did not Applied
	CZ gate



	HQNN9
	FCNN1
	Rz gate
	Did not Applied
	CZ gate



	HQNN10
	FCNN1
	Rx gate
	Did not Applied
	C-NOT gate



	HQNN11
	FCNN1
	RY gate
	Did not Applied
	C-NOT gate



	HQNN12
	FCNN1
	Rz gate
	Did not Applied
	C-NOT gate



	HQNN13
	FCNN1
	Rx gate
	Did not Applied
	Did not Applied



	HQNN14
	FCNN1
	RY gate
	Did not Applied
	Did not Applied



	HQNN15
	FCNN1
	Rz gate
	Did not Applied
	Did not Applied








Table 3. Datasets description.


	Dataset
	Available at
	Number of Images and Classes





	Brain Tumour MRI Dataset [78]
	https://www.kaggle.com/datasets/masoudnickparvar/brain-tumor-mri-dataset
	7022 (4 classes)



	Brain Tumour Classification (MRI) [79]
	https://www.kaggle.com/datasets/sartajbhuvaji/brain-tumor-classification-mri
	3264 (4 classes)



	Brain Tumour Dataset [80]
	https://figshare.com/articles/dataset/brain_tumor_dataset/1512427
	3064 (3 classes)



	Br35H:: Brain Tumour Detection 2020 [81]
	https://www.kaggle.eom/datasets/ahmedhamadaO/brain-tumor-detection/data
	3000 (2 classes)







Experimental setup

The proposed classical and hybrid quantum neural network models were developed and trained with quantum simulators using Jupyter Notebook in Google Colab. The experiments were conducted on the Google Compute Engine with the NVIDIA T4 GPU to accelerate processing. This setup facilitated an efficient model development for the quantum-classical architectures.



Evaluation metrics

Table 4 lists the evaluation metrics used to analyze the performances of the proposed models. Here TP, TN, FP and FN stands for true positives, true negatives, false positives and false negatives. Throughout this article, the metrics are expressed as percentages.



Experimental results

This section discusses experimental results of the proposed FCNN and HQNN models. The models were developed and tested through the ablation study, where the impacts of different components on model performance are analysed. The various experiments conducted with the proposed FCNN and HQNN models, Improved HQNN1 model, and PQCs with varying circuit depths are presented in the following sub-sections.


Fully connected neural network models performance comparison

Table 5 compares the performances of the proposed FCNN models.

From Table 5, the FCNN1 model showed a promising performance with scores over 85% in all the metrics. The FCNN2 model, an extended version of the FCNN1 with two additional dense layers, saw improved performance with scores over 90% in most metrics. Adding the two layers resulted in more computational time for FCNN2 than FCNN1. The FCNN3 model was an enhanced model from FCNN2 with a reduced dropout rate of 0.1. The reduced dropout rate in FCNN3 caused a notable discrepancy between its training and validation accuracy (94.20—87.52 = 6.68). However, the model predicted the tumour types better than FCNN1 and FCNN2 in the test data. This improved performance comes with the trade-off of having the longest training time among the models.

 

Table 4. Evaluation metrics.


	Metric
	Formula
	Description





	Accuracy
	Accuracy = (TP + TN) × (TP + TN + FP + FN)
	The proportion of correctly classified instances among all instances.



	Precision
	Precision = TP × (TP + TP)
	The proportion of true positives among all predicted positives (how accurate positive predictions are).



	Recall
	Recall = TP × (TP + FW)
	The proportion of true positives among all actual positives (sensitivity of the model).



	F1 Score
	F1 Score = 2 × (Precision × Recall) × (Precision + Recall)
	The harmonic mean of Precision and Recall, balancing the two metrics.



	Specificity
	Specificity = TN × (FW + FP)
	The proportion of true negatives among all actual negatives (how well negatives are identified).



	Matthews Correlation Coefficient (MCC)
	MCC = (TP × TN(FP × FN) × √(T>P + FP)(TP + FN)(TN + FP)(TN + FN)
	The measure of classification quality that provides balanced assessment of prediction performance considering true and false positives and negatives.





Figure 5 shows the models’ training and validation accuracy scores for 500 epochs. Among the three models, FCNN2 aligned closely with its training accuracy as epochs progressed, suggesting better generalisation in Figure 5(b). The gap between training and validation accuracy scores started developing in FCNN1 after the 100th epoch in Figure 5(a), while the gap created in FCNN3 after the 50th epoch Figure 5(c). However, FCNN3 performed better in training accuracy than other models; its generalisation needed improvement.




Hybrid quantum neural network models performance comparison

The proposed hybrid quantum models are constructed by integrating the FCNN1 architecture with the shallow parameterized quantum circuits (PQCs). Training 15 hybrid quantum models is a time-consuming task. To reduce the computational time of 15 hybrid models, FCNN1 is chosen over FCNN3 as it requires the minimal training time. Figure 6 presents a comparison of the training, validation, and test accuracy scores achieved by the hybrid models.



Table 5. FCNN Models performance.


	Model
	Train Accuracy
	Validation Accuracy
	Test Accuracy
	F1 Score
	Precision
	Recall
	Specificity
	MCC
	Elapsed Time(in milliseconds)





	FCNN1
	86.92
	83.36
	85.96
	85.59
	85.55
	85.96
	95.31
	81.23
	182263



	FCNN2
	90.52
	90.17
	90.08
	89.98
	89.92
	90.08
	96.73
	86.70
	209763



	FCNN3
	94.20
	87.52
	91.84
	91.78
	91.78
	91.84
	97.30
	89.06
	232117







[image: Three stacked line graphs show training and validation accuracy for F-C-N-N-1, F-C-N-N-2, and F-C-N-N-3 increasing and plateauing over 500 epochs.]
Figure 5. Training Histories of FCNN models.



[image: Starting from the Hybrid Models on both charts, the top bar chart compares Train versus Validation Accuracy while the bottom dumbbell plot shows Train versus Test Accuracy scores.]
Figure 6. Train, validation, and test accuracy scores comparison of the proposed hybrid models.

Figure 6(a) compares the training and validation accuracies of the proposed hybrid quantum models. Among the 15 models, HQNN1, HQNN7, and HQNN13 showed superior performance with 86.56%, 81.75%, and 84.71% training accuracy scores. Notably, these three models utilised Rx gates as variational parameters, facilitating more effective processing of input data than models using RY or RZ gates. In the HQNN13 model, PQC was constructed with only Rx rotations, and no entanglement or superposition. In HQNN7, along with Rxrotations, CZ entanglement was incorporated into the circuit, which saw a slight dip in performance. We created the HQNN1 model with the PQC comprising Rx rotations, CZ entanglement, and H-gate superposition. This resulted in better performance than HQNN7 and HQNN13. The other hybrid models that used Rx rotations are HQNN4 and HQNN10. However, their performance was average as they utilised CNOT gates instead of CZ gates for entanglement. From this, we understand that the PQC with a combination of Rx rotations, CZ entanglement, and H-gate superposition is promising compared to others in the proposed HQNN architecture.

Figure 6(b) shows the differences between training and test accuracies. The data indicate that HQNN1, HQNN7, and HQNN13 exhibit higher test accuracy and better generalisation than other models. From Figure 6(a) and Figure 6(b), the close alignment of validation and test accuracy scores with training accuracy suggests that HQNN1 achieves strong generalisation capabilities, indicating its robustness on unseen data. This ablation shows that the PQCs with Rx rotations help better model generalisation.

The performances of the proposed hybrid quantum models on test data are shown in Table 6.

Table 6 compares all performance metrics for the proposed hybrid models evaluated on the test dataset. The HQNN1 consistently achieved the highest scores across all performance metrics, demonstrating superior effectiveness over other models. Although the HQNN7 and HQNN13 performed near HQNN1 in every metric, they failed in MCC. The higher MCC (81.75%) of HQNN1 showed consistently accurate predictions for both the positive and negative classes. Evidently, the models utilising Rx gates only show a decent MCC score. In contrast, others failed to correctly identify the positive and negative classes with MCC scores of zero and below zero. However, HQNN1 also requires a greater amount of elapsed time for training compared to other models. For elapsed time, the hybrid model HQNN14 completed its training quickly.




Improved HQNN1

HQNN1 proved to be the robust model of the 15 hybrid models in the ablation experiment. From Table 5, FCNN3 is a better performer than FCNN1. Hence, the HQNN1 architecture is improved by replacing its classical architecture (FCNN1) with FCNN3, aiming to boost the hybrid model’s performance. This approach effectively combines the best-performing classical and quantum components to enhance the hybrid quantum model’s capabilities. Figure 7 compares the improved HQNN1 with the performances of other models such as FCNN1, FCNN3, and the original HQNN1.




Table 6. Hybrid models performance comparison.


	Models
	Gates Combination
	Test Accuracy
	F1 Score
	Precision
	Recall
	Specificity
	MCC
	Elapsed Time(in milliseconds)





	HQNN1
	RX + H + CZ
	86.35
	85.96
	85.91
	86.35
	95.44
	81.75
	2082924



	HQNN2
	RY + H + CZ
	30.89
	14.58
	9.54
	30.89
	75
	0
	2053762



	HQNN3
	RZ + H + CZ
	30.89
	14.58
	9.54
	30.89
	75
	0
	1859715



	HQNN4
	Rx + H + CNOT
	57.29
	56.66
	56.66
	57.82
	85.94
	43.87
	2026640



	HQNN5
	RY + H + CNOT
	31.05
	15.03
	27.05
	31.05
	75.06
	2.61
	2003544



	HQNN6
	Rz + H + CNOT
	30.89
	14.58
	9.54
	30.89
	75
	0
	1989365



	HQNN7
	Rx + CZ
	77.12
	75.33
	76.23
	77.12
	92.33
	69.92
	1462704



	HQNN8
	RY + CZ
	31.27
	17.15
	15.16
	31.27
	75.33
	3
	1604241



	HQNN9
	RZ + CZ
	30.89
	14.58
	9.54
	30.89
	75
	0
	1711384



	HQNN10
	Rx + CNOT
	69.18
	68.49
	68.38
	69.18
	89.66
	58.71
	1593364



	HQNN11
	RY + CNOT
	21.97
	10.16
	25.19
	21.97
	74.55
	-4.56
	1597344



	HQNN12
	Rz + CNOT
	30.89
	14.58
	9.54
	30.89
	75
	0
	1584287



	HQNN13
	Rx
	82.00
	80.53
	81.34
	81.01
	93.61
	74.79
	1193370



	HQNN14
	Ry
	30.89
	14.58
	9.54
	30.89
	75.00
	0
	1124603



	HQNN15
	Rz
	27.69
	17.62
	31.85
	27.69
	76.39
	13.30
	1272477


 



As shown in Figure 7, HQNN1 performed equally to FCNN1 in all metrics except validation accuracy. Its predictions in validation data were 3.41% better than classical FCNN1. However, the improved HQNN1 outperformed all other models across each performance metric, demonstrating the effectiveness of combining optimal classical and quantum components in the hybrid architecture.

Figure 7 shows that, while the training accuracy of the improved HQNN1 (93.90%) is nearly equal to that of FCNN3 (94.20%), its validation accuracy (92.25%) significantly surpasses FCNN3 (87.52%). Evaluation metrics on test data further reveal that the improved HQNN1 outperforms the classical model. This enhanced performance highlights the advantage of incorporating the proposed shallow parameterised quantum circuits into classical neural networks in terms of performance. However, this improved performance comes at the cost of computational time: as shown in Figure 8, the improved HQNN1 required approximately 9 times the training time of FCNN3. Since the PQC used 10 qubits and the quantum simulation is carried out on classical hardware, the hybrid model takes more time to train than classical models.


[image: Eight bar charts show the Improved H Q N N model consistently achieving the highest values across metrics including Train Accuracy and F 1 Score.]
Figure 7. Performance comparison of FCNN1, HQNN1, FCNN3 and improved HQNN1.



[image: Horizontal bar chart showing F C N N 3 at 232117 milliseconds and Improved H Q N N 1 at a significantly higher 2092230 milliseconds.]
Figure 8. Elapsed time of FCNN3 and improved HQNN1.

The training histories of the proposed FCNN3 and improved HQNN1 for 500 epochs are plotted in Figure 9. In the Improved HQNN1, validation and training accuracies were closely aligned across epochs, even with a 0.1 dropout rate. According to Table 5, the validation accuracies of FCNN2 and FCNN3 were 90.17% and 87.52%, respectively, with dropout rates of 0.2 and 0.1. From Table 1, FCNN2 and FCNN3 had almost similar architectures with the same number of dense layers, neurons, and activation functions. The only difference between them was the dropout rate. FCNN2 used a dropout rate of 0.2, while FCNN3 used 0.1. Dropout reduces the model overfitting by randomly dropping some units of the model during training [31]. The FCNN2 with a 0.2 dropout rate temporarily disabled 20 percent of a layer’s neuron weights at a training step to mitigate overfitting. Figure 5(b) shows that the tight alignment of training and validation accuracy curves indicates the perfect generalisation of the FCNN2 model. In FCNN3, the dropout rate was reduced to 0.1, resulting in a significant gap between the model’s training and validation performance over 500 epochs. The accuracy plot in Figure 9(a) showed that the FCNN3 model was prone to overfitting and might struggle to generalise effectively to unseen data. Optimising the dropout rate in FCNN3 might enhance the model’s performance on validation data. However, the proposed work integrated the FCNN3 with a shallow PQC with Hadamard, RX, and CZ gates, forming the Improved HQNN1 model, which improved the validation accuracy to 92.25% in Figure 9(b). Incorporating the shallow PQC compensated for the reduced 0.1 dropout rate, improved the validation accuracy by 4.73% (92.25—87.52 = 4.73) and mitigated the generalisation issues observed in FCNN3. The shallow PQC in the improved HQNN1 contributed to better regularisation, enhancing its robustness and adaptability to unseen data.

 

[image: Starting from the Epochs axis at the base, both graphs show Training Accuracy and Validation Accuracy rising sharply then plateauing near zero point nine for both models.]
Figure 9. Training histories of FCNN3 and improved HQNN1.



Experimenting with superposition, entanglement, and varying circuit depths

The proposed work analysed the impact of shallow PQCs in the proposed HQNN architectures through an ablation on circuit depth. Here, we experimented with HQNN models by integrating the FCNN3 architecture with different shallow PQCs. We increased the circuit depth of the PQCs through repeated quantum layers. In this ablation, we carried out three experiments with 9 different shallow PQCs, detailed in Table 7.

 


Table 7. Experimentation details of the circuit depth ablation.


	Experiments
	PQCs
	Parameterised Rotation
	Entanglement
	Superposition
	Number of Quantum Layers




	Experiment A
	Shallow PQC_1
	Rx gate
	CZ gate
	Not applied
	1



	
	Shallow PQC_2
	Rx gate
	CZ gate
	Not applied
	2



	
	Shallow PQC_3
	Rx gate
	CZ gate
	Not applied
	3



	Experiment B
	Shallow PQC_4
	Rx gate
	Not applied
	H gate
	1



	
	Shallow PQC_5
	Rx gate
	Not applied
	H gate
	2



	
	Shallow PQC_6
	Rx gate
	Not applied
	H gate
	3



	Experiment C
	Shallow PQC_7
	Rx gate
	CZ gate
	H gate
	1



	
	Shallow PQC_8
	Rx gate
	CZ gate
	H gate
	2



	
	Shallow PQC_9
	Rx gate
	CZ gate
	H gate
	3





	
We used Rx rotation gates in the PQCs throughout all the experiments and executed the models for 500 epochs. The training and validation accuracies of the models executed in experiments A, B, and C are plotted in Figures 10-12.

In Figure 10(a), the shallow PQC_1 with entanglement and no superposition resulted in unstable validation accuracy scores over the epochs. As the quantum layers increased in shallow PQC_2 and shallow PQC_3, the instability in the validation performance increased despite the smooth and stable increase in the training scores in Figure 10(b) and (c). Without superposition, the qubits were initialised to their basis states, and entanglement was applied only to the basis states, limiting the PQCs from exploring superposed states. This limited the expressivity of the quantum circuit. The shallow PQCs with entanglement alone failed to generalise to unseen data despite good training accuracy, indicating overfitting specifically with increased quantum layers.

In Figure 11, the validation accuracies improved when superposition was introduced to the shallow PQCs and entanglement was removed. With a single quantum layer in shallow PQC_4, the validation scores in Figure 11(a) were higher than training accuracies at initial epochs, tightly aligned at middle epochs, and a minimal gap between train and validation score developed during final epochs. The gap developed from early mid-epochs in Figures 11(b) and (c) and progressively enlarged until the final epochs as quantum layers increased in shallow PQC_5 and shallow PQC_6. Superposition allowed the shallow PQCs to explore broader quantum state spaces. It helped to steadily improve the validation performance over the epochs, indicating the improved generalisation of the HQNN on unseen data.

In Figure 12, the generalisation gap further reduced when the superposition and entanglement were incorporated into the shallow PQCs. In Figure 12(a), the tight alignment between the train and validation accuracy scores at mid and final epochs shows the reduced overfitting with a single quantum layer in shallow PQC_7. When experimented with two quantum layers in shallow PQC_8, the model saw slightly reduced validation performance in Figure 12(b) compared to Figure 12(a). With three quantum layers in shallow PQC_9, both the training and validation accuracies showed a significant drop in Figure 12(c). Compared to single and two quantum layers, the shallow PQC with three quantum layers offered HQNN a strong generalisation but with reduced performance. Superposition enabled quantum parallelism and allowed the model to encode the features into a larger Hilbert space. The CZ entanglement enabled non-classical feature interactions with correlated qubits. The Single-layer shallow PQC with low circuit depth reduced the risk of vanishing gradients and avoided barren plateau. As the layers increased, the circuit was prone to barren plateau, which reduced the performance of the shallow PQC with three quantum layers. From the experiments, the proposed work realised that the shallow PQC_7 with Rx rotation, superposition, entanglement, and single quantum layer offers reliable MRI brain tumour classification performance with better generalisation on unseen data.


 
[image: Three line graphs show Training Accuracy and Validation Accuracy versus Epochs for H-Q-N-N models. Accuracy values rise and stabilize as Epochs increase from zero to five hundred.]
Figure 10. Performance of the proposed hybrid models in experiment A.



[image: Starting from the Accuracy axis, three line graphs for H-Q-N-N Models show Training and Validation Accuracy rising sharply then plateauing near one point zero across five hundred Epochs.]
Figure 11. Performance of the proposed hybrid models in experiment B.



[image: Three line graphs show Training and Validation Accuracy versus Epochs for H Q N N models. Accuracy for each configuration rises sharply before plateauing near 0 point 9.]
Figure 12. Performance of the proposed hybrid models in experiment C.




The improved HQNN1 performance on versatile MRI brain image datasets

From the experiments, the Improved HQNN1 architecture possesses the best combination of classical and quantum components for brain tumour diagnosis among the proposed classical and hybrid models. Hence, the performance of the model is validated and tested on three more datasets. We used the model to perform specific classification tasks on each dataset: i. Brain tumour type identification with four classes of images ii. Brain tumour type identification with three classes of images iii. Brain tumour detection with two classes of images. Table 8 shows the model’s experimental results across different datasets for brain tumour diagnosis. From Table 8, the model’s evaluation performance was excellent for binary classification, while it saw reduced performance as the number of classes increased. The MCC scores over 95% for two and three classes of images indicate the model’s strong consistency in predicting the positive and negative classes correctly.



SOTA methods comparison

The proposed method is compared with recent state-of-the-art (SOTA) MRI brain tumour classification methods. The proposed HQNN model outperformed the existing classical and quantum models in standard MRI brain tumour datasets with better test accuracy, as shown in Table 9.

The SOTA methods in [69,82,83] were developed for four classes of MRI brain images. In [82], the authors extracted radiomics features from the brain images and trained traditional machine learning classifiers using them, where the KNN classifiers scored better with 91.1% accuracy on test data. In [69], the quantum convolutional layers extracted brain image features. A classical neural network layer further processed the extracted features, achieving 97.8% accuracy. In [83], Saeedi et al. developed an auto-encoder convolutional neural network architecture, where the auto-encoder network processed the brain images, and its output was fed to the convolutional network part for classification.

The methods in [32,56,60] were discussed in the related works section. In [84], the authors developed a lightweight MobileNet architecture with depth-wise separable blocks that achieved 96.95 test accuracy in classifying three classes of MRI brain images. In [85], Abbood et al. experimented with four standard deep learning architectures for brain tumour detection, where the RestNEt50 model outperformed the remaining models with 95.80% accuracy. In [85], the authors combined the pre-trained VGG16 architecture with a customised deep CNN model that scored 97.14% accuracy. Mahesha developed a customised CNN architecture in [86] for binary classification of brain tumours, and the model achieved 97.2% test accuracy.




Table 8. Dataset-specific experimental results of improved HQNN1 model.


	Datasets



	Dataset Name
	No. of Classes
	Train Accuracy
	Validation Accuracy
	Test Accuracy
	F1 Score
	Precision
	Recall
	Specificity
	MCC





	Brain Tumour Classification (MRI) [79]
	4
	91.30
	93.12
	92.31
	92.30
	92.31
	92.31
	97.43
	89.76



	Brain Tumour Dataset [80]
	3
	95.47
	97.23
	96.97
	96.98
	96.99
	96.97
	98.5
	95.46



	Br35H:: Brain Tumour Detection 2020 [81]
	2
	98.46
	97.22
	98.17
	98.17
	98.17
	98.17
	98.15
	96.32








Table 9. Performance comparison with SOTA methods.


	Dataset
	Authors
	Method
	Test Accuracy





	Brain Tumour Classification Dataset [79]
	Pattanaik, B et al. (2022) [82]
	KNN classifier
	91.1



	Dong, Y et al. (2023) [69]
	Hybrid Quantum Classical Neural Network
	97.8



	Saeedi, S et al. (2023) [83]
	Convolutional autoencoder
	90.92



	Proposed work
	HQNN
	92.31




	Brain Tumour Dataset [80]
	Khan, M. A. Z et al. (2024) [32]
	Quantum Convolutional Neural Network
	91.47



	Ticku, A., et al. (2025) [56]
	Quantum Convolutional Neural Network
	92.13



	Jitlin et al. (2025) [60]
	Pyramid Quantum Dilated Convolutional Neural Network
	94.1



	Khan et al. (2025) [84]
	Modified MobileNet
	96.95



	Proposed work
	HQNN
	96.97



	Br35H Brain Tumour Detection 2020 [81]
	Abbood et al. (2021) [85]
	ResNet50
	95.80



	Sadr et al. (2025) [86]
	Finetuned-VGG16
	97.14



	Mahesha (2023) [87]
	Convolutional Neural Network
	97.2



	Proposed Work
	HQNN
	98.17








Discussion

The findings of the proposed work revealed that the Rx gate, as the variational parameter in PQCs, processed the quantum-encoded MRI brain features better than the RY and RZ gates. Rx gate’s X-axis transformations on the Bloch sphere are commonly used in quantum data encoding and qubit entanglement processes. Rx gates have proven to be more stable and effective in noisy environments. The proposed work encoded MRI brain image features into quantum states using Rx gates. When the Rx gate was applied as variational parameterisation in PQC, it better aligned with the data structure, facilitating more efficient quantum state manipulation.



The HQNN models required significantly more computational time than purely classical models. Simulating quantum operations on classical hardware is resource-intensive. The computational demand scales exponentially as the number of qubits and operations increases. This substantially strains classical processors, which must emulate each qubit’s interactions and operations in detail. These hardware limitations might be reduced as quantum hardware becomes more accessible and efficient, potentially improving simulation speed and resource use.

The experimental results demonstrated the importance of superposition initialisation of qubits in stabilising the validation performance of the model. The experiments also revealed the combination of H-gate superposition and CZ entanglement in PQC with a single quantum layer is effective for generalisation of the proposed HQNN. The proposed work realised the effect of barren plateau in PQCs with the increased layer depth which reduced the performance of the HQNN model significantly.

Due to resource limitations, the proposed PQC architecture could use 10 qubits only. Hence the PCA features are limited to 10. Obtaining the optimal combination of quantum gates and choosing the layer depth are major challenges in designing the PQC. The proposed work performed a detailed empirical ablation study on HQNN models and figured out the advantages of quantum circuits with different gates and layers. However, the proposed ablation experiments are limited to MRI brain images, the proposed method can be fine-tuned and adopted to diverse image classification tasks.

With a quantum machine learning approach, the proposed work focused on identifying the primary brain tumour types, such as glioma, meningioma, and pituitary. The proposed quantum approach can be extended to radiogenomic prediction tasks for glioma brain tumours. The BraTS 2021 challenge dataset [88] introduced a task to predict the methylation status of the 06-methylguanine-DNA methyltransferase (MGMT) gene promoter directly from multi-parametric magnetic resonance imaging (mpMRI) scans. Qureshi et al. developed a two-stage process for radiogenomic classification of the MGMT promoter methylation status [89]. They created a deep learning architecture to extract latent features from the mpMRI scans and fused them with the radiomics features, forming a hybrid feature set. They trained a KNN classifier with these features set that achieved 96.94% test accuracy. Extending our proposed quantum approach to predicting MGMT promoter methylation status can aid in better treatment planning, as it is a crucial predictive biomarker of glioblastoma therapy.




Conclusion

The proposed work designed fifteen shallow PQCs and analysed their impact on HQNN models with various configurations. The classical features were encoded into quantum states using 10-qubit angle encoding circuits. The performances of the HQNN models were analysed through an ablation study. The ablation experiments showed the strong impact of Rx, H, and CZ gates in training the HQNN model without overfitting. The proposed work utilised the shallow PQC to mitigate the overfitting issue found in classical neural network models. The proposed HQNN model showed better generalisation than the classical FCNN models even with 0.1 dropout rate. The improved HQNN1 has demonstrated itself to be the most generalised and accurate model among all proposed architectures, with a stronger ability to generalise to new data than other models. The experiments on PQCs with increased layer depths proved superior performance and strong generalisation of the HQNN model with the single-layer PQC. The proposed model has outperformed the SOTA models on three different standard MRI brain tumour datasets with 92.31%, 96.97%, and 98.17% test accuracy scores. In the future, a thorough analysis of the expressibility of the PQC in relation to model performance improvement will lead to more accurate MRI brain tumour diagnoses.
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ABSTRACT

Phenotypic heterogeneity in genetically identical cancer cell populations arises due to extrinsic and intrinsic sources of biological noise. In particular, partitioning noise, i.e. fluctuations in the cellular components during cellular division, is regarded as one of the major enhancers of phenotypic variability as such fluctuations can lead to dramatic changes in the cell state and thus to transitions between different phenotypes. The resulting plasticity increases the heterogeneity of tumors and changes their ability to resist treatments. Here, we show how to quantify the extent of fluctuations in the partitioning of different cellular components during the division of human leukemia cells. In particular, comparing the outcomes of a multifluorescent stain experiment with the predictions of a minimal statistical model, we found that a correlated binomial statistic explains the partition of cell cytoplasm and mitochondria together with their observed correlations. In perspective, our model can be applied to study the organisation in the partitioning of a wide range of cellular components paving the way to a better understanding of noise-driven cellular processes.
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1. Introduction

Partitioning (or inheritance) noise is an umbrella term enclosing the variegate and complex set of molecular processes resulting in fluctuations of the cellular components, inherited by daughter cells after division [1]. Together with other sources of stochasticity coming from e.g. the gene expression/regulation machinery and from fluctuations in the growth/division processes [2], such biological noise contributes to creating and sustaining phenotypic heterogeneity of non-genetic origin in cellular populations [3,4,5 and 6]. While most of the research efforts up to now have been devoted to studying gene expression noise and fluctuations in cell cycle duration [7], several pieces of evidence showed that under specific cases, noise in the segregation of cell components may be the dominant contribution [7].

Experiments to quantify partitioning noise rely mainly on timelapse microscopy imaging of fluorescently labelled cells at division [9]. This allows tracking the segregation of the cell elements, at the cost of requiring large sets of division events. Recently, we developed a protocol based on flow cytometry and cell sorting. Live-cell fluorescent dyes were used to mark representative cellular compartments (e.g. cytoplasm, mitochondria, and membrane), and the proliferation of the population together with the partitioning of the fluorescent markers between daughters cells were followed via flow cytometry measurements [10]. Using a flow cytometer, our method permits the simultaneous acquisition of both fluorescent signals associated with the used dyes and of the intensity of the forward scattered light, that provides a proxy for the cell size [11].

Analyzing the dynamics of the fluorescence intensity at different time points during the proliferation of the cell population (see Methods for details), we found that the partition statistics of cytoplasm, mitochondria, and membrane in Jurkat T-cell were compatible with biased Bernulli processes [10]. Notably, the simultaneous acquisition of the fluorescent signals of all the used dyes permitted the quantification of the correlation in the partitioning of the markers. Preliminary analyses showed that the observed correlations were not compatible with uncorrelated binomial processes, vouching for the presence of coupled fluctuations.

Here, we sought a model of correlated partitioning to quantify the observed covariance in the partitioning of couples of cellular components. We first derived analytical approximated expressions for the covariance of random variables that stochastically halved while cells proliferate. Next, we performed a set of proliferation experiments on populations of Jurkat T-cells to demonstrate the validity of our approach to extract information about the organisation in the partitioning of cytoplasmic molecules and mitochondria during division. Comparing the experimental results with the prediction of the correlated bivariate binomial model, we found that mitochondria and cytoplasmic material are partitioned with a positive correlation between daughter cells. Our experimental and theoretical apparatus can be readily applied to measure correlation in the partitioning of different cellular elements and cell types.



2. Results


2.1. Model for correlated partitioning noise

Along the line of Peruzzi et al. [10], we aim to develop a minimal model for the inheritance of cellular components able to account for correlation in the segregation of two given components. Given a cell population having an initial distribution of labelled components, P0(x1, x2) (where x1, and x2 can be any two cellular elements whose partitioning we want to follow), each division event will result in the creation of two daughter cells, each carrying a fraction of the labelled components present in the mother cell. Taking a snapshot of the distribution of the marked components at a certain time, t, after the labelling procedure, the distribution will be given by:
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where Pg is the distribution of marked components of the cells that divided g times since the start of the experiments (i.e. being of generation g with respect to the initial cells that are considered as the generation zero) and 
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 for each time. We assume that cell division times do not depend on the number of marked components. Supposing no loss of labelled components (i.e. fluorescence) in the division process, the distribution composed by daughter cells is expected to have half the mean of the mother one. Thus, starting from an initial population with a sufficiently narrow variance, we could identify the different generations and measure their moments. In particular, we are interested in the covariance of x1 and x2 as a function of the generations:
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where E[x]Pg = < x >g represents the average of the stochastic variable x given its probability distribution P(x)g. To make analytical progress, we start by noting that the population of cells of a certain generation, g, is given by the superposition of 2g sub-populations, which can be associated with the sequence of an inherited fraction of marked components: for instance, the first generation of cells is composed by two sub-populations, the daughter cells that inherited fractions p1 and p2 of the x1 and x2 elements possessed by the mother cells and those that got the remaining (1 - p1) and (1 - p2) portions. The second generation is composed of four sub-populations and so on (see Figure 1(a) for a sketch). It is straightforward to show that:
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Figure 1. Correlated bivariate binomial model. (a) Schematic representation of the partitioning of two cellular components during a cell division process: at each division, the components xi1 and xi2 are divided between the two daughter cells, one inheriting fractions p1 and p2 of the mother components, while the other the remaining amounts. (b) Probability distribution of inheriting a set (x1, x2) of components from a mother cell having components X1 = 70, X2 = 150. Marginal distributions are represented as green-shaded curves on the top and right sides of the colormap. (c) Scatter plot representation of the proliferation of an initial population of cells (red), where each cell of the starting population divides two times, producing generation 1 (orange) and 2 (green). Marginal distributions are shown on the top and right sides. (d) From top to bottom, comparison between cell distribution mean, coefficient of variation, and Pearson correlation as a function of the generation obtained via numerical simulations (panel c) and from analytical results (Equations 4,3).
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Using the laws of total expectation and variance, we can express each term in the summations as functions of previous generations. In fact,
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and, similarly,
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It remains to explicit a functional form for the transition probability, P(x1, x2|y1, y2, p1, p2) and its marginals, P(x1|y1, p1) and P(x2|y2, p2). Peruzzi et al. [10] found that the marginal probabilities are well approximated by binomial distributions having p1 ~ 0.42 and p1 ~ 0.50 for mitochondria and cytoplasmic elements, respectively (see Figure 1(a)). Thus, we opted for the bivariate binomial distribution proposed by Biswas and Hwang [12] (see Figure 1(b)):
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where
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Using Equations (7), (5) reduces to 
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where we assumed that the probability of finding a cell having a number of marked elements x1 > x2 is vanishingly small.

Plugging the obtained expressions for the means and covariances of the subpopulations in Equation (3) and doing some straightforward calculations (see Methods), one gets an expression for the covariance as a function of the generations that depends on the means and covariance of the starting distribution, and the three parameters of the bivariate binomial model:
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 From Equation (10), we can finally get to the expression for the Pearson coefficient as 
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2.2. Role of the model parameters on the observed correlation

The obtained expression for the Pearson correlation depends on the initial means and covariance and the three parameters defining the bivariate binomial model, i.e. the partition biases p1 and p2, and the α parameter. In Figure 2, we explored the behaviour of the generation correlation upon varying these parameters. In particular, Figure 2(a) displays the Pearson correlation as a function of the cell generations for different values of the initial correlation while keeping all other parameters fixed. Given the initial value, the correlation showed by the subsequent subpopulations can be higher or lower than the initial one depending on the binomial parameter. This can be seen by looking at the behaviour of the correlation upon variation of the partition parameters. As shown in Figure 2, fixing p1 to 0.4 and varying p2, one can see that the correlation in the subsequent generations reaches higher values for p ≤ 0.45, while it drops to zero in case of symmetric division (p2 = 0.5). Interestingly, the correlation reaches negative values for p2 > 0.5. This happens because the bivariate binomial partition tends to introduce an overall correlation in the divided daughter cell population whenever the partition is not symmetric (p1 and p2 = 0.5). The population of cells in each generation is given by the superposition of the two subpopulations composed of the daughter cells produced by the division of the mother cells of the previous generation: if both p1 and p2 are lower than 0.5 the division will produce a positively correlated distribution of daughter cells since those that inherited fractions (p1, p2) of the mother components will have lower components with respect to their sisters’ subpopulation that inherited fractions (1 - p1, 1 - p2). If instead, the bias is higher than 0.5, one subpopulation will have a higher number of one component (say component 1) and lower numbers of component 2, while for the subpopulation of their sisters will be the opposite, resulting in an overall anticorrelated daughter distribution. Notably, this behaviour arises even if the is no correlation in the partitioning of the components inside each subpopulation of cells belonging to the same generations. (i.e. a = 0). Finally, Figure 2c shows the generation correlation for different values of the α parameter in the range (- 0.9, 0.9), i.e. for negatively to positively correlated subpopulations (see the example in Figure 1(b)), while other parameters are kept fixed. Depending on the choice of the remaining parameters, a stable positive correlation is observed for α = 0. If α > 0, the observed positive correlation progressively increases, doubling the values shown at a = 0 for distant generations (g>3).
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Figure 2. Correlation dependence on model parameters. (a) Pearson correlation as a function of
the generation upon varying the correlation of the initial population. (b) Same as in panel (a)
but upon varying p2. (c) Same as in panel (a) but for different values of the bivariate binomial α
parameter.



2.3. Use of fluorescence as a proxy for copy numbers

Equation (3) describes the expected behaviour of the covariance between two kinds of marked cell components as they get diluted after each division event according to Bernoulli statistics. From an experimental viewpoint, cellular components are marked via specific fluorescent dyes that bind to the components. The experimental readout is the total fluorescence intensity of each cell, I. In the regime where sample auto-fluorescence is negligible, I is assumed to be proportional to the number of marked elements, I ∝ f · N, with f being a scaling factor linked to both the used dyes and experimental setup. Equation (10) depends on the first and second moments of the initial distributions of the marked cellular components. In terms of measured intesities, we have 
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 for the first and second moments, respectively. Due to the presence of the first term of Equation (10), the covariance of the marked elements at g>0 is not simply proportional to that of the measured intensity. Thus, the effect of the scaling factor can not be eliminated e.g. by simply considering ratios like σg/σ0. To probe the consequences of this aspect on our capability to extract information from the data, we studied the behaviour of measured signals assuming different scaling factors. Figure 3 shows the variance of one marker as a function of the generations varying f up to three orders of magnitude. The four panels correspond to different choices of the Coefficient of Variation of the initial marked distribution, 
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 and the segregation bias, p. As one can see from Figure 3(a), the overall trend of the variance is preserved for different choices of the scaling factor. The values of the normalised variance are within the typical experimental error associated with such measurements. As p gets closer to 0.5, i.e. to symmetric division, the scaling factor required to have well-defined variance trends increases to about 100 for the same value of the initial Coefficient of Variation (CV). Changing the initial variance to mean ratio, one can use Equation (3) with fluorescence signals even for compounds present in tens of copy numbers per cell or having low scaling factors.



2.4. Simultaneous measure of component partitioning via kinetics flowing experiments

Along the line of Peruzzi et al. [10], we performed a live-cell experiment using Jurkat T-cell, a leukemia cell line. In particular, we used CellTraceTM Violet stain (CTV) and MitoTracker® Green FM (MITO) as fluorescent tags for cytoplasm and mitochondria, respectively. As described in both Methods and Ref. [10], we first sorted cells to select an initial population having the desired distribution, i.e. we selected cells displaying a CTV fluorescence signal higher than the MITO one and set the gating strategy to have CV lower than 0.5 for both channels. Monitoring the evolution of the distribution of the marker in time, we obtained the dynamics shown in Figure 4(a). In particular, each grey dot in the scatter plots corresponds to a cell for which both CTV and MITO fluorescences have been acquired. Comparing the snapshots taken at 0, 18, 24, and 36 h, one sees that the initial distribution is formed by one peak, while after 18 h two peaks are distinguishable, one located approximately at the same position as the one found at time zero, and another having half the mean of the other for both markers. The newly formed peak is composed of all cells that have been divided once since the start of the experiment. At 24 h, there are still two peaks, whose relative weights are dominated by the generation 1 subpopulation; finally, after 36 h, four subpopulations can be identified. To quantitatively assign each cell to one subpopulation, we performed a Gaussian Mixture clustering as described in the Methods, which identified the distributions shown in the top and right plot of Figure 4(a) and as coloured ellipsoids in the panels.
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Figure 3. Scaling behaviours. (a) Variance of the components distribution of cells in the same generation as a function of the generations. The initial population has a mean of 100 compounds, a Coefficient of Variation of 0.05, and divides according to a binomial model with p = 0.40. Different plots are obtained rescaling the initial population distribution by a factor f in the interval 1-103. (b) Same as in panel (a) but for p = 0.48. (c) Same as in panel (a) but for CV = 0.2 (d) Same as in panel (b) but for CV = 0.2.



2.5. Analysis of cytoplasmic and mitochondria partitioning

Via the Gaussian Mixture fitting, we quantified the first two moments (mean, and covariance) of the distribution of the inherited fluorescence intensity for each generation of cells and compared them with the predictions of our model. In particular, Figure 4(b) shows the mean fluorescence intensity for cytoplasm (blue triangles) and mitochondria (red squares) markers as a function of the observed generations. The dotted lines represent the best fits for the two marker types using Equation (4). Indeed, the means halves at each generation, starting from their initial values of µ20 = 8700 ± 100 and µ20 = 35, 200 ± 500. Similarly, Figure 4(c) reports the variance of the fluorescence intensity for cytoplasm (blue triangles) and mitochondria (red squares) markers as a function of the observed generations, while the Pearson correlation between CTV and MITO (green dots) is displayed in Figure 4(d). The best fit (dotted lines) of Equation (3) for both variances and covariance is obtained for σ10 = 5300 ± 200, p10 = 0.42 ± 0.01, σ20 = 3600 ° 200, p20 = 0.49 ± 0.01, σ120 = 4200 ± 100, and α = 0.1 ± 0.1. Note that the best-fit parameters are those yielding the minimum of the residual of the three independent terms of the covariance when considered simultaneously.
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Figure 4. Experimental data vs model predictions. (a) Dot plot of the intensity of MITO vs CTV, measured at different times (hours) in one of the three experiments with simultaneous MITO and CTV markers. Gaussian Mixture fit is represented with different colours corresponding to different generations. (b) Mean value of the intensity of the fluorescent markers as a function of the generations, obtained through the Gaussian Mixture procedure (points) and as the best fit of Equation (4) (dotted line). Dark blue triangles and red squares correspond to the mean of the intensity for CTV and MITO, respectively. (c) Same as in (b) but for the intensity variances. (d) Pearson correlations between the MITO and CTV intensities as a function of the generations. Green dots represent the mean correlation for each generation, while the dotted line shows the best fit of Equation (10).




3. Discussion

Coupled inheritance of cellular phenotypes, like growth rate and cell cycle duration, have been suggested as the minimal ingredient for explaining non-trivial behaviours shown by cell populations, like correlation across lineages, memory of previous generations, and responses to environmental stress [13,14,15,16 and 17]. From a physics point of view, the state of a cell, i.e. its manifested phenotype, can be represented by the numbers of all species of molecules present inside the cell. In this framework, observed phenotypes are stable states in the dynamics of the interaction network that comprises all these molecular species. Phenotypes can change in response to e.g. external stimuli triggering transitions to different stable states [5,18,19]. Apart from external stimuli, transitions can be driven also by fluctuations in the levels of certain cell fate-determinant molecules due to stochasticity in the process of cell growth and division [21]. In particular, both division and partitioning noises can provoke such phenotypic transitions depending on the extent of the produced fluctuations [22]. Asymmetric division of cell fate determinants is a well-established mechanism for cell differentiation during development as biased segregation of older compounds is often used by bacteria to obtain rejuvenation of the population [23]. Organisation in the partitioning fluctuations may serve cells as an additional layer of control to drive phenotypic transitions.

Here, we showed how the experimental protocol introduced by Peruzzi et al. [10] can be used to quantify the extent of noise in the partitioning of cellular components and its correlation. In particular, we first derived an analytical expression for the covariance of the inherited cellular elements as a function of the generations in the assumption that the division process obeys correlated Bernoulli statistics. Exploring the behaviour of the correlation as a function of the model parameters, we showed that a nontrivial trend emerges as a function of the two binomial biases, p1 and p2, without the need for directly correlated sub-population of cells (α = 0). Using live-cell fluorescent dyes able to selectively mark cell cytoplasm and mitochondria, we measured the simultaneous dilution of CTV and MitoTraker during the proliferation of a population of Jurkat T-cells. Quantifying the correlation between the fluorescence intensity of the two dyes in different generations, we were able to compare experimental data with the prediction of the bivariate binomial model. Our results show that the observed correlation is explained if (i) cell cytoplasm is partitioned with a p of ~ 0.49, while (ii) mitochondria are divided asymmetrically with a bias of p ~ 0.42 and (iii) the partitions are -weakly- coupled by a binomial correlation coefficient of α ~ 0.1. Notably, correlation in the presence of one symmetrically dividing element continuously diminishes to zero. Thus, monitoring the correlations allows for a refinement in the determination of the segregation bias of each cellular element. Overall, our method may serve as a valuable tool for delving into the complexities of cellular organisation and shedding light on the mechanisms influencing phenotypic outcomes across successive generations. The found direct coupling between the partitionings may reflect the presence of geometrical/spatial constraints during the division process, dictated for instance by the overall size of the cell [9], which are worthy of further investigations. In conclusion, we showed how population-level, flow cytometrybased measurements can be readily applied to quantify the partitioning organisation of cellular elements. This opens up opportunities for understanding the nontrivial processes, like the long-range correlations observed in the phenotypes of distant generations within mammalian cell lineages.



4. Materials and methods


4.1. Cell culture

E6.1 Jurkat cells were used as a cell model for proliferation study and maintained in RPMI-1640 complete culture media containing 10% FBS, penicillin/ streptomycin plus glutamine at 37 ◦C in 5% CO2. Cells were passaged 2 times prior to amplification for the experiment. Cells were then harvested, counted, and washed twice in serum-free solutions and re-suspended in prewarmed PBS for further staining.



4.2. Cells fluorescent dye labelling

To monitor cell proliferation through dye dilution, indicating the daughter progeny post a completed cell cycle, cells were subjected to staining with CellTraceTM Violet stain and MitoTracker® Green FM following the manufacturer’s instructions. The employment of two distinct cell markers, representing cytoplasm and mitochondria, enabled a multi-variable analysis of proliferation. In each experiment, Fixable Viability Stain 780 (FVS780) was utilised to assess cell viability and confirm low dye toxicity.

CTV dye (C34557, Life Technologies, Paisley, UK), commonly used for monitoring multiple cell generations, was used as per the manufacturer’s instructions. Complete media was introduced to the cell suspension for an additional 5-min incubation before the final wash in PBS. MitoTracker® Green FM (M7514, Molecular Probes, Eugene, USA), a green-fluorescent mitochondrial stain, was used at a concentration of 20 nM (stock 20 μM in DMSO) in PBS for 30 min in a water bath at 37°C, with mixing every 10 min. The cells were then washed once in PBS. The live/dead staining, Fixable Viability Stain 780 (565388, BD Biosciences, San Jose, USA), was performed with a 1/1000 dilution in PBS for 10 min at RT. For each experiment, a new aliquot of the viability marker was used.



4.3. Cell sorting

Jurkat cells labelled with dyes underwent sorting using a FACSAriaIII (Becton Dickinson, BD Biosciences, USA), which was equipped with Near UV 375nm, 488nm, 561nm, and 633nm lasers and operated with FACSDiva software (BD Biosciences version 6.1.3). Data analysis was conducted using FlowJo software (Tree Star, version 9.3.2 and 10.7.1).

In the analysis workflow, cells were initially gated on live cells based on viability dye exclusion, followed by exclusion of doublets using morphology parameters- both side and forward scatter, area versus width (A versus W). The unstained sample served as a reference to establish background fluorescence for each channel. For each fluorochrome, a sorting gate was established around the maximum peak of fluorescence of the dye distribution [24]. This approach ensured that the collected cells were enriched for the highest fluorescence intensity across all the markers used as per the experimental setup, including CellTrace and/or MitoTracker.

Subsequent to isolation, a portion of the sorted cells were reanalysed on the same instrument to assess post-sorting purity and population width. The results demonstrated an enrichment exceeding 99% for each sample.



4.4. Cell culture for dye dilution assessment

The sorted cell population was plated in a single well of a 6-well plate (BD Falcon) at a density of approximately 1 × 106 cells per well and maintained in culture for a duration of up to 72 h. To track multiple cell divisions, samples of the cell population were analysed at intervals of 18, 24, 36, 48, 60, and 72 h using the LSRFortessa flow cytometer. To establish the kinetic time zero, a small aliquot of the sorted cells was promptly analysed at the flow cytometer prior to culturing. The unstained sample served as a reference for setting background fluorescence, as described previously. Upon each collection of cells for analysis, an equivalent volume of fresh media was replenished in the culture well.



4.5. Expectation–maximisation and the Gaussian mixture model

We employed the Expectation–Maximisation (EM) algorithm for the detection of clusters within Gaussian Mixture Models [25], from which extracted the mean and covariance of each generation. The EM algorithm comprises two main steps: the Expectation (E) step and the Maximisation (M) step.

In the E-step, for each data point f, we utilised our current estimates of πg, µg, and σg to calculate the posterior probability that each cell belongs to generation g, given its fluorescence intensity measurement f, denoted as γg = P(g| f).

Moving to the M-step, we leveraged the fact that the gradient of the log-likelihood of p(fi) with respect to πg, µg, and σg could be computed. Consequently, the optimal values of πg, µg, and σg were expressed in terms of γg. It was demonstrated that, under certain smoothness conditions, the iterative computation of the E-step and M-step led to locally optimal estimates of the parameters πg, µg, and σg, along with the return of the posterior probability γg, which indicates the weight of each point belonging to one of the clusters.

In this context, we applied this model for cluster analysis to detect peaks corresponding to different generations. The normal assumption is the least biased choice for inferring the mean and the covariance of a bivariate distribution according to the maximum entropy principle [27]. Subsequently, we estimated πg, E[fg], and Var[fg] from these clusters.
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ABSTRACT

To design nanosensors based on localised surface plasmon (LSP), a structure is considered consisting of metal nanoparticles and study the influence of nanoparticles size, material, geometry, and background refractive index (RI) on its performance. We propose a nanosensor based on nanoplasmonic and investigate its sensitivity. The boundary element method is employed to calculate the extinction cross-section and sensitivity of the proposed sensor. We study the effect of various parameters on LSP resonance. Our calculations about extinction, scattering, and absorption spectra have been compared with experimental data. According to the comparison, it is deduced the boundary element method provides acceptable results. It is shown that the proposed nanosensor is very sensitive to the variation of sample RI. Moreover, it is possible to adjust the required spectral range by changing the geometry and material of nanoparticles. Here, the highest sensitivity is obtained for cubic nanoparticles made of silver.
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1. Introduction

In recent decades, the rapid development of nanoplasmonic science and the possibility of making objects in the nanoscale have opened the way for the control of electromagnetic waves at the nanoscale. Nanostructures can be used in the manufacture of optical instruments in nano-dimensions and also in various fields such as nanoplasmonics, nano-biotechnology, medicine, etc. Plasmonic materials such as gold, silver, copper, and aluminium are used to make plasmonic nanoparticles. These types of nanoparticles interact with the incident light to create a strong electromagnetic field around them which causes the formation of a localised surface plasmon. When an electromagnetic wave radiates on a metal surface, the electric field of the radiation wave oscillates the electrons in the conduction band. The group oscillation of conduction band electrons is called surface plasmon [1].

When light is radiated on a metal nanoparticle, the plasmon created is localised and confined at the nanoparticle surface due to the limited surface area and volume of the nanoparticle. It creates a strong electromagnetic field around the nanoparticles, which is called a localised surface plasmon [1,2]. If the frequency of the incident light is equal to the normal frequency of this oscillating motion, the LSP resonance occurs. The LSPR depends on parameters such as geometry, dimension, etc. [3,4 and 5],

There are several ways to diagnose bacteria and different diseases. Efforts to develop and improve the performance of biosensors have led to the development of various types of biosensors. The basis of a sensor is to detect and react with a compound or compounds, and to display the results as an electrical, optical, and chemical message. One of the most notable applications of plasmonic resonance in biosensors is as a useful tool for bioanalysis, early detection in medicine [6], environmental monitoring [7], and food industry safety [8]. As we know, cancer is the second most common cause of death worldwide. For this reason, today, researchers in universities and industrial centres are active in the field of research on biosensors, which has led to the construction of accurate and sensitive biosensors to identify biological targets [9,10,11,12 and 13]. The ultimate goal of biosensors is to identify targets in the fastest time and with the least possible sample size for detection. Glucose sensors are currently one of the most successful biosensors on the market. Easy production, reasonable price, and portability are other advantages of this type of sensor.

To achieve the highest sensitivity of the sensors, this requires calculating the extinction cross section by the full vector solution of Maxwell equations. To solve the equation, there are various computational methods such as finite differential time domain (FDTD) [14,15], multiple multipole method [15], finite element method [16], and boundary element method (BEM) [17].

Among the computational methods, the FDTD is of special importance due to its ability to solve Maxwell equations in the time domain. This method studies the interaction of light with different materials (linear, non-linear, homogeneous, inhomogeneous, isotropic, anisotropic, etc.). However, one of the disadvantages of this method is that it is time-consuming and requires the use of very small divisions to obtain accurate answers. Therefore, here, we have chosen the BEM to calculate the sensitivity of the sensors. The way presented in this paper is to use plasmonic nanoparticles with various geometries to enhance the nanosensor sensitivity based on LSP. Here, using the boundary element method, the effect of sizes, material, geometry of nanoparticles, and the RI of the environment are studied on the extinction cross-section. We show that by fine-tuning these parameters, the sensitivity of nanosensor based on LSP can be significantly increased.



2. Simulation details


The BEM is used to acquire our numerical data. The BEM is a semi-analytic approach in the frequency range. In this method, we first discretise the object’s surface into small elements. The Helmholtz wave equation for a homogeneous substance is written as the following equation.
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where G is the Green function as below
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The wave equations of the vector and scalar potentials are expressed by
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The following equations can be obtained by solving the Equations. (3) and (4)
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Here, σj and hj are the surface charge and current distributions, respectively.

By knowing A and φ, and inserting them in the following equation
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One can determine an electric and magnetic field in the whole space.

By using electric and magnetic fields, the extinction cross-section is determined by
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In the BEM, the object surface is discretised into small elements (see Figure 1).

The computational space studied in this paper is shown in Figure 2. The nanostructure consists of two spherical nanoparticles with diameter D and two cubic nanoparticles with length L which are at a distance of 10 nm from each other in an environment with a RI of n and under plane wave radiation. Johnson and Christie’s laboratory data were used for the refractive index of gold and silver nanoparticles.
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Figure 1. Display of elementalisation of a nanoparticle in computational space.


The sensor sensitivity is obtained by the following relation

(9)
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[image: Panel a shows two spheres with diameter D separated by distance D sub 0. Panel b shows two cubes with length L separated by distance D sub 0.]
Figure 2. Schematic of the used nanoparticles. (a) spherical, and (b) cubic nanoparticles.


where Δλ is the variations of the absorption wavelength of the extinction cross-section and Δn is the variations in the RI of the environment in which the nanoparticle is located [18].

Another relation that is calculated in this paper is the enhancement factor (EF), which is shown in the following equation [18]
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In the above relation, λD is the absorption wavelength of the coupled (dimer) nanoparticles and λ0 is the absorption wavelength of a single nanoparticle.



3. Numerical results

Nanosensors based on LSP resonance strongly depend on the material, sizes, and geometry of the nanoparticle and the environment in which the nanoparticle is located. Therefore, in this section, we will calculate these factors and examine their effect on the sensitivity of the sensors.

Figure 3 shows the extinction cross section versus wavelength for a single gold spherical nanoparticle and dimer gold spherical nanoparticles located in two environments with refractive index of 1 and 1.33. The relative shift of the absorption wavelength of a single spherical nanoparticle in environments with two different refractive indices is 27 nm and for coupled spherical nanoparticles is 70 nm. According to Equation (10), the EF calculated for these conditions is 2.57.
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Figure 3. Extinction cross section versus wavelength for single and dimer gold spherical nanoparticles in two environments with refractive index 1 and 1.33.

Figure 4 displays the dimensionless relative wavelength shift parameter 
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In Figure 5, the EF is plotted ersus the number 
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for gold dimer spherical nanoparticles. It is observed that the EF is reduced with increasing the number.
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.

Figure 6 shows the extinction cross section versus wavelength for gold
coupled spherical nanoparticles with diameter D = 90nm and D0 = 10 nm.
The RI of the environment has been chosen as 1 and 1.33 in this figure. It
can be seen from the figure that the peak position of LSPR shifts towards a
higher wavelength with increasing the RI. By using Equation (9), we can
obtain the sensitivity as 242 
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In order to calculate more accurately, in Figure 7, the peak shift of resonant wavelength has been plotted versus distance between gold spherical
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Figure 4. Relative wavelength shift versus 
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 for gold dimer spherical nanoparticles in two environments with refractive index 1 and 1.33.
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Figure 5. The enhancement factor (EF) versus 
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 for gold dimer spherical nanoparticles.

nanoparticles for different diameters as 50, 70, and 90 nm. As expected, the curve slope decreases with increasing nanoparticle distance.

In order to study the enhancement of sensor sensitivity, we investigate the effect of nanoparticle geometry on the sensitivity. For this goal, we use the cubic nanoparticles in our calculations. Figure 8 demonstrates the extinction cross section versus wavelength for cubic gold coupled nanoparticles with a size of 90 nm and a distance of 10 nm. The curves have been plotted for two different refractive indices. By using Equation (9), we can obtain the sensitivity as 454 
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[image: A line graph plots extinction cross section versus wavelength for refractive indices 1.0 and 1.33. The curves peak near 540 and 630 nanometers respectively, with a nanoparticle pair schematic inset.]
Figure 6. Extinction cross section versus wavelength for gold dimer spherical nanoparticles with diameter of 90 nm in two environments with refractive index 1 and 1.33. The sensitivity is also displayed in the figure.

[image: Starting from the Peak shift axis, three descending curves for D equal to 90, 70, and 50 nanometers trend downward as D subscript 0 increases across the horizontal axis.]
Figure 7. The wavelength shifts versus distance between spherical gold nanoparticles for different diameters.

[image: Line graph showing Extinction cross section against wavelength. The curve for n equals 1 peaks at 600 nanometers, while the curve for n equals 1.33 peaks at 750 nanometers.]
Figure 8. Extinction cross section versus wavelength for gold dimer cubic nanoparticles with a length of 90 nm in two environments with refractive index 1 and 1.33. The sensitivity is also displayed in the figure.

[image: Starting from the vertical Peak shift axis, three lines representing different D values trend downward as D sub 0 increases along the horizontal axis from zero to ninety.]
Figure 9 presents the peak shift of resonant wavelength versus distance between cubic gold nanoparticles for different lengths as 50, 70, and 90 nm.

As the distance between the cubic nanoparticles increases, the peak shift decreases. Therefore, in order to achieve the highest sensitivity, the nanoparticles must be very close to each other.

One of the most important factors in the sensitivity of the sensor is the nanoparticle material. In order to investigate the effect of nanoparticle material on the sensitivity of sensors, we considered the silver spherical dimer nanoparticles and in the same conditions. In Figure 10, we have examined the extinction cross section versus wavelength for two different refractive indices as 1 and 1.33. It is seen from Figure 10 that the peak position of LSPR shifts towards a higher wavelength with raising the RI. The sensitivity calculated for silver spherical nanoparticles is 369                n       m                 R       I       U          With regard to the value of sensitivity for silver spherical nanoparticles, we deduce that the sensitivity depends on nanoparticle material. The nanoparticle material has a significant effect on improving the sensitivity of sensor. The sensitivity of silver spherical nanoparticles is bigger than gold nanoparticles.

Figure 11 displays peak shift versus the distance between silver spherical
coupled nanoparticles for three different diameters. As we can see, the peak
shift decreases as the nanoparticle distance increases. The figure shows that
the peak shift strongly depends on the nanoparticles distance and their diameters.
Therefore, achieving the highest sensitivity of the sensor requires selecting
an appropriate distance through optimisation methods. Of course, in
practice, there are limitations that cannot bring the two nanoparticles as
close as desired.

Figure 12 shows the extinction cross section versus wavelength for silver
cubic dimer nanoparticles with s length of 90 nm located at a distance of
10 nm from each other. The curves have been plotted for two different

[image: Graph of Extinction cross section against lambda in nanometers showing curve n equals 1 peaking at 450 and curve n equals 1.33 peaking at 575.]
Figure 10. The same as Figure 6, but for silver nanoparticles.

refractive indices as 1 and 1.33. The sensitivity was calculated for this figure as
533 
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 With comparing the previous conditions, we find that the sensitivity
has increased significantly.

In Figure 13, we have presented the peak shift versus the distance between two
silver nanoparticles for various cubic nanoparticle lengths as 70, 80, and 90 nm.

[image: Starting from the Peak shift delta lambda axis, three descending curves show that as D zero increases from zero to ninety, Peak shift decreases for all D values.]
Figure 11. The same as Figure 7, but for silver nanoparticles.

[image: Extinction cross section versus lambda nanometers shows a peak at 575 nanometers for n equals 1, shifting to a peak at 750 nanometers for n equals 1.33.]
Figure 12. The same as Figure 8, but for silver nanoparticles.

As the results show, the peak shift reduces with increasing the nanoparticles distance. Also, the peak shift decreases with enhancing the nanoparticle sizes.

In Figure 14, the sensitivity of the nanosensor with spherical, and cubic geometries is calculated versus the distance between the nanoparticles. As can be seen, the sensitivity decreases as the distance between the nanoparticles increases. In addition, with the increase in the nanoparticles size, the sensitivity increases. When the distance between the nanoparticles is 1 nm, the sensitivity of spherical nanoparticles with a diameter of 40, 50, and 60 nm is 238, 266, and 304 nm/RIU, respectively. Also, when the distance between cubic nanoparticles


[image: Starting from the Peak shift vertical axis, three lines for L equals 50, 70, and 90 nanometers decrease steadily as D 0 increases along the horizontal axis.]
Figure 13. The same as Figure 9, but for silver nanoparticles.


[image: Starting from high Sensitivity at low D zero values, both graphs show a sharp nonlinear decrease as D zero increases for all labeled D and L parameters.]
Figure 14. The sensitivity of gold nanoparticles versus the distance between the nanoparticles. (a) spherical and (b) cubic nanoparticles.

is 1 nm, the sensitivity of nanoparticles with a length of 40, 50, and 60 nm is 262, 318, and 384 nm/RIU, respectively.

It is well known that the performance of a nanosensor can be measured using the figure of merit (FoM). It is defined as
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[image: Starting from the D nanometers axis, a line rises sharply to a peak F-o-M of three point three at forty nanometers then decreases gradually toward one.]
Figure 15. FoM of gold nanoparticles as a function of nanoparticles size. (a) spherical, and (b) cubic nanoparticles.

Figure 15 displays the calculated FoM versus the size of gold nanoparticles. The results have been presented for the spherical, and cubic nanoparticles. It is seen that when the diameter of spherical nanoparticles is 40 nm, the value of FoM reaches 31.3 1/RIU. Also, when the length of cubic nanoparticles is 40 nm, the value of FoM reaches 5.31 1/RIU. The value of FoM for the nanoparticles with a size larger than 40 nm gradually decreases because the FWHM increases and causes a decrease in FoM.

To check the accuracy of our calculations, we compared our results with the experimental available data in Ref. [19]. Figure 16 demonstrates the extinction cross-section as a function of gold nanoparticles diameter. As can be seen, the cross section increases by raising the diameter. Our results have been compared with the experimental data [19]. It can be seen that there is good agreement.

We have also calculated the extinction, scattering, and absorption spectra of the gold nanoparticles and compared with experimental data [19]. To compare, we have selected the diameter of nanoparticles as 120, and 136 nm. Figure 17 (a)–(c) corresponds to the nanoparticles with a diameter 120 nm. In Figure 17(d)–(f), the nanoparticle diameter is 136 nm. As can be seen, the calculated absorption spectra for both diameters have the best agreement with the experimental data [19]. At lower wavelengths, the calculated scattering, and extinction spectra for both diameters have good agreement with experimental data [19].



4. Conclusions

In this study, we have examined the effect of various factors on the performance of nanosensors based on the LSPR. We have found that the sensitivity of the metal nanoparticles can be adjusted by changing the geometry, material, and sizes. By comparing gold and silver nanoparticles, it was found that silver nanosensor is more sensitive than gold. We have also studied the geometry of nanoparticles in this work. Nanoparticles with spherical and cubic geometry were  examined. We have shown that by using a nanosensor with cubic geometry, the sensitivity of the sensor is higher. In the next step, the effect of nanoparticle sizes was investigated. It has been shown that with increasing nanoparticle sizes, the peak shift increases. In general, the proposed nanosensor, in addition to being highly sensitive to refractive index changes, provides the possibility of changing the wavelength range to suit the sample under study. Using these results, it is possible to predict the appropriate laboratory configuration to achieve the desired sensor sensitivity.


[image: Starting from Particle Diameter on the horizontal axis, blue squares and red circles trend upward together, showing consistent Extinction cross section values between this work and experimental data.]
Figure 16. The extinction cross-section of spherical gold nanoparticles versus the nanoparticle’s diameter.


[image: Three stacked line graphs show extinction, scattering, and absorption spectra against lambda. Continuous blue lines representing This work closely align with red square experimental data points across all panels.]
Figure 17. The extinction, scattering, and absorption spectra versus the wavelength for the spherical gold nanoparticles. The figures (a)–(c) correspond to the diameter of 120 nm. In the figures (d)–(f), the diameter is 136 nm.
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ABSTRACT

Nanoparticle agglomeration refers to the spontaneous clustering of nanoparticles caused by the attractive forces. Agglomeration impacts the physical and mechanical properties of nanoparticles and their composites. Understanding and controlling nanoparticle agglomeration is crucial for optimizing various applications, from nanomedicine to nanoelectronics. In this work, we formulated a self-exciting point process model to analyse nanoparticle agglomeration based on microstructural input. The model is utilised to categorise a specific set of points within the microstructure as either independent (dispersed) or dependent (agglomerated), along with their respective probabilities. We employed this approach to study two distinct scenarios: (a) Agglomeration in experimentally generated microstructures of titanium nanoparticles, and (b) Analysing agglomeration patterns in simulated microstructures of carbon nanotube networks, generated using a stochastic microstructure model. We obtain a quantitative understanding of the connection between the sonication duration and the level of agglomeration in titanium nanoparticles. As the sonication period increases, both the agglomeration percentage and the size of the agglomerates decrease. Furthermore, our analysis of simulated carbon nanotube microstructures, including equiaxed and rope-like agglomeration, shows a close alignment between results obtained from the point process model and those generated by the stochastic microstructure model.
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1. Introduction

Nanoparticles often possess distinct physical and chemical characteristics that differ from bulk materials, giving rise to unique behaviours. Agglomeration is one such phenomenon where nanoparticles come together, forming larger assemblies through spontaneous clustering or aggregation. The different factors that contribute to nanoparticle agglomeration, include van der Waals forces, electrostatic interactions, surface chemistry, solvent effects, and external factors like temperature and pH [1,2,3 and 4]. Agglomeration of nanoparticles leads to several outcomes, including reduced surface area [5], altered optical properties [6], change in mechanical properties [7], and loss of homogeneity [8].

Various characterisation methods have been used to study nanoparticle agglomeration, such as dynamic light scattering [9], transmission electron microscopy (TEM) [10], scanning electron microscopy (SEM) [11], atomic force microscopy (AFM) [12], and spectroscopic methods [13]. Verleysen et al. [14] employed a quantitative approach for assessing stable dispersions, which involves TEM imaging in conjunction with semi-automated image analysis. This methodology yields number-based distributions of key parameters, allowing for the measurement of size, shape, and surface characteristics of TiO2 particles in their unbound, aggregated, and agglomerated states. Rao et al. [15] employed AFM to analyse the morphology, dimensions, and size distribution of various ceramic nanoparticle agglomerates. Jia et al. [16] performed real-time sizing during the colloidal processing of metal oxide nanoparticles (MONs) using dynamic light scattering.

Modelling of nanoparticle agglomeration involves mathematical or computational approaches to simulate how nanoparticles cluster together, considering factors like size, shape, surface charge, environmental conditions, and external forces. Models often based on stochastic methods are used to understand agglomeration kinetics, predict agglomerate size distributions, and assess nanoparticle dispersion stability. Kim et al. [17] investigated the aggregation kinetics of gold nanoparticles through a combination of experimental methods and Monte Carlo simulations. This study predicts the time needed for the initial color change in a gold nanoparticle suspension, offering insights into the design and optimisation of colorimetric sensors utilizing gold nanoparticle aggregation. Liu et al. [18] applied a constant-number Direct Simulation Monte Carlo (DSMC) model to study nanoparticle agglomeration in aqueous suspensions. They used classical Derjaguin-Landau-Verwey-Overbeek (DLVO) theory, factoring in Brownian motion's effect on collision frequency. The model's outcomes aligned closely with dynamic light scattering measurements for particle size distribution and average agglomerate size. Morán et al. [19] introduce a new method to enhance the accuracy of Monte Carlo simulations for predicting dynamics and agglomeration of suspended nanoparticles. This approach incorporates persistent distance and time steps based on Langevin dynamics simulations and a probability model for particle displacements. Gbaguidi et al. [20,21] employed a two-dimensional Monte Carlo percolation model to investigate the impact of carbon nanotube (CNT) agglomeration on the electrical and electromechanical properties of both monofiller and hybrid nanocomposites. Bhoi et al. [22] developed a mathematical population balance model to characterize the evolution of Al2O3 nano-agglomerates in a spouted bed. Agglomeration process is simulated using an Equipartition of Kinetic Energy (EKE) kernel, signifying the equal distribution of kinetic energy among particles, enabling collective formation into agglomerates. In contrast, for breakage, two distinct functions are employed: the Dirac delta function indicating immediate and concentrated particle breakage, and a function representing confined uniform binary breakage, where particles break into fragments with a uniform size distribution. The model exhibits good agreement with experimental observations concerning the temporal evolution of both the area and volume-weighted average sizes of nano-agglomerates, as well as their final size distribution.

In addition to stochastic methods, approaches like Molecular Dynamics have been used to understand the interparticle forces that contribute to agglomeration. Liao et al. [23] employed molecular dynamics simulations to investigate the factors that impact the formation of agglomeration structures in Cu-Ar nanofluids. Wang et al. [24] conducted equilibrium molecular dynamics simulations and the Schmidt-Ott equation to analyse the fractal dimensions of the nanoparticle aggregations with various morphologies. The findings suggested that achieving lower fractal dimensions can lead to enhanced thermal conductivity. Alian et al. [25] conducted molecular dynamic simulations that considered both the curvature and agglomeration of carbon nanotubes to analyse their influence on the interfacial strength and load transfer capacity in thermoset nanocomposites.

In this study, we introduce a new approach based on point process modelling to analyse nanoparticle agglomeration. A point process model is a statistical framework used to describe and analyse the spatial or temporal distribution of points or events in a particular region or over a specific period. Hawkes process, also known as self-exciting point process, is a branching point process model [26]. It describes a random sequence of clustered events or points wherein the presence of one point (or event) increases the likelihood of subsequent points (or events) occurring in its spatial or temporal vicinity. While the application of self-exciting point process models originated in the field of earthquake analysis to categorise mainshock and aftershock events from earthquake data, it has found applications across diverse domains. These domains include crime event analysis [27], tweet popularity prediction [28], epidemiological studies [29], as well as the analysis of instances involving mass killings and school shootings [30], email networks [31], and financial data analysis [32]. 

The Hawkes process is parameterised by two functions: the background intensity, which describes the average rate of occurrence of events in the absence of any previous events, and the excitation function, which describes how the occurrence of an event affects the probability of subsequent events. The parameters of self-exciting point process models can be estimated from data. This allows the models to be used to make predictions about future events. Self-exciting point process models are a powerful tool for analysing sequences of events, and they have been used to make significant contributions to a wide range of fields.

The Hawkes point process model used in this study has the ability to capture spatial and temporal clustering, account for intensity variation, and facilitate statistical inference and prediction. Therefore, these models offer a novel statistical framework that can analyse the characteristics of agglomeration processes, making it a potentially effective approach. While this model has not yet been used in materials science, it can bring a fresh perspective and could possibly be adapted to other similar materials science problems.

 We apply this approach to analyse nanoparticle agglomeration in two distinct contexts: (a) experimentally generated microstructures of titanium nanoparticles, and (b) simulated microstructures of carbon nanotube agglomeration derived from a stochastic microstructure model. Experimental micrographs of titanium nanoparticles with various degrees of agglomeration were achieved by subjecting solutions with the same concentration to different durations of ultrasonic treatment. Simulated CNT microstructures exhibiting a range of agglomeration patterns for carbon nanotubes, including both equiaxed and rope-like morphologies, were obtained using a stochastic microstructure model. Using these micrographs, we extracted the nanoparticle locations and applied a point process model to analyse the nanoparticle agglomeration. Our findings indicate that the point process model is an effective tool for analysing agglomeration and holds potential for further applications in nucleation-growth processes in materials science.
 

2. Methodology


2.1. Generation of experimental microstructures

99.9% pure spherical titanium nanoparticles product number 1121XH from SkySpring Nanomaterials Inc., were procured for utilisation in this study. To prepare the nanoparticle solution, 0.001 g of titanium nanoparticle powder was combined with 8 ml of isopropyl alcohol (IPA), resulting in a solution with a concentration of 0.125 mg/ml. The SCILOGEX MX-T6-S Analog Tube Roller was employed to disperse titanium nanoparticles in the solution and reduce agglomeration. The nanoparticle solution inside a vial with SiC balls was placed within the tube roller for 24 h, operating at a speed of 50 rpm, effectively breaking apart the nanoparticle clusters and reducing the size of the agglomerates. Additionally, ultrasonication is employed to further break apart the nanoparticle agglomerates. Ultrasonication produces high-frequency sound waves within the liquid medium, resulting in the formation of pressure waves and cavitation bubbles. As these bubbles collapse, they generate micro-turbulence and shear forces, effectively dispersing and breaking the agglomerated nanoparticles [33]. Consequently, ultrasonication facilitates the even distribution of nanoparticles throughout the liquid medium, serving as an effective measure to prevent or reduce agglomeration. Different levels of agglomeration were achieved by subjecting individual solutions to ultrasonic treatment for different durations with 5, 10, 20, 30, 60, 90 and 120 min. Subsequently, 40 μl droplets of each solution were dispersed onto an epoxy polymer substrate using a micro-pipette. The solution was immediately deposited onto the substrate within a minute of ultrasonication to prevent reagglomeration. To facilitate solvent evaporation, the prepared samples were subjected to a temperature of 50°C using an Aluminium top hotplate. The resulting micrographs displayed differing levels of nanoparticle agglomeration in the samples. Notably, the application of one hour or more of ultrasonic treatment duration was correlated with the uniform dispersion of the nanoparticles across the sample. Conversely, shorter durations of ultrasonic treatment resulted in a more noticeable agglomeration in the samples, as shown in Figure 1. When the as-prepared nanoparticle solution without sonication is used to generate microstructures, large agglomerates are present. The agglomerates reduce in size with increasing sonication duration. Additional sonication time did not reduce the particle size further. This particle size is measured using dynamic light scattering (DLS) measurements. After two hours of sonication, we observe that particles of about 200 nm size and are uniformly distributed.


[image: Four microscopic panels labeled a through d show varying surface particle distributions. Each contains a ten micrometer scale bar at the bottom right to indicate magnification.]
Figure 1. Titanium nanoparticles dispersed on the substrate at different sonication times (a) 5 min (b) 30 min (c) 1 h and (d) 2 h.


[image: Starting from the scattered white nanoparticles across the dark background, red measurement labels ranging from 177.2 to 241.6 nanometers indicate the diameter of each individual point.]
Figure 2. SEM micrograph of the nanoparticles after ultrasonication for 120 min.


We performed SEM micrographic analysis to further characterise the particle size distribution after ultrasonication for 120 min as shown in Figure 2. Scanning electron microscopy ascertained that the average particle size of titanium nanoparticles is 197 nm. Particle size is also confirmed using Dynamic Light Scattering – Malvern Zetasizer ZS90 to measure the size of particles in an IPA solution at 25°C. The technique relies on analysing the fluctuations in light scattering intensity caused by the Brownian motion of particles suspended in a liquid. By analysing the intensity fluctuations, DLS can determine the size of the particles in the solution, typically in the range of a few nanometres to a few micrometres. After 120 min of ultrasonication, the DLS measurements recorded a particle size of 195.37 nm and a zeta potential of −32.5 mV. This closely matches SEM analysis.



2.2. Generation of simulated microstructures


Simulated microstructures of agglomerated CNTs were generated using a stochastic microstructural model. These CNTs were generated within a Representative Area Element (RAE) with dimensions Lx and Ly. Each CNT took the form of a line segment with a midpoint (xic, yic), a starting point (x1i, y1i), and an endpoint (x2i, y2i). Additionally, the length and polar angle of each CNT were represented by li and Øi, respectively. Different microstructures are generated by stochastically varying all of these parameters, simulating the complexity found in real-world microstructures. To calculate the volume fraction, all the CNTs in the RAE are assumed to have a uniform diameter DCNT. The CNT volume fraction is defined as the ratio of the total volume encompassed by all the CNTs (π×ri20 × li) to the area of the RAE (Lx × Ly). To achieve the desired CNT volume fraction, nanotubes were added to the RAE until the specified volume fraction was attained. The centre of each CNT consistently falls within the confines of the RAE. In some instances, CNTs may intersect with one or even both edges of the RAE. To handle this situation, we employed periodic boundary conditions. These conditions efficiently relocated any line segments that extended beyond the RAE’s boundaries, placing them on the opposite side of the RAE to ensure that they always remained contained within the RAE. The microstructure generation is described in detail in [34].

We modify this approach to generate microstructures featuring different quantities and morphologies of CNT agglomerates. This process begins with the generation of a seed layer consisting of completely randomised and uniformly distributed fillers. Subsequently, we introduce additional fillers in a manner that results in the formation of agglomerates around a portion of the initial seed layer. The total volume fraction of CNTs (Vf) within the RAE is determined by summing the volume fractions of both agglomerated (Vfagg) and non-agglomerated CNTs (Vfnon−agg). The agglomeration level or volume fraction of agglomeration is then modelled by ξagg = Vfagg/Vf. Two distinct microstructural configurations were generated by varying parameters related to agglomeration: the rope-like and equiaxed agglomerates. The formation of these structures was governed by two key parameters, ξagg and αagg. The agglomeration parameter, ξagg, dictated the proportion of CNTs that were organised into agglomerates. For instance, when ξagg = 0, CNTs are uniformly distributed throughout the representative area element without any agglomeration. As ξagg increased, the degree of agglomeration increased. When ξagg = 10%, in the first step the CNTs are uniformly distributed throughout the RAE without any agglomeration and then the additional small fraction of CNT fillers is added which results in the formation of agglomerates. Similar, procedure is carried out for varying levels of CNT agglomeration. The agglomeration angle, αagg, is used to model the spatial arrangement of CNTs within an agglomerate. The newly added CNTs are positioned at a randomly varied angle between 0 and αagg with respect to one of the pre-existing CNTs in the microstructure. When αagg = 0°, CNTs within an agglomerate are all aligned in parallel, resulting in the formation of rope-like agglomerates within the microstructure. Conversely, when αagg = 180°, CNTs within an agglomerate exhibit varied orientation, giving rise to equiaxed or star-like agglomerate formations. Figure 3 (a) and (b) illustrated microstructures showcasing the equiaxed and rope-like agglomerates, respectively, with agglomeration level of 50%. These details are presented in detail in [21]. For each agglomeration level, 25 microstructures were generated from the stochastic model to account for statistical variations in the point process agglomeration analysis.



[image: Two plots on X and Y axes show fiber distributions. Plot a displays randomly oriented lines. Plot b shows lines predominantly aligned horizontally across the space.]
Figure 3. (a) Equiaxed agglomeration and (b) Rope-like agglomeration of carbon nanotubes.  

2.3. Point process model formulation for agglomeration analysis

Consider a microstructure that consists of N points which represent the location of nanoparticles. ri is the distance of a point i from origin.

(1)   λ ( r ) = μ +  ∑  i :  r i  < r    g  A , α   ( r −  r i  ).    

Here, λ is the limiting expected distribution of points. The model classifies the nanoparticles in the dataset into two categories, uniformly dispersed nanoparticles and agglomerated nanoparticles. Uniformly dispersed nanoparticles are assumed to be distributed independently at an areal density μ > 0. This model primarily addresses discrete agglomeration state as described by a micrograph at a given location and time.

gA,α(r − ri) is the probability density function (PDF) of the occurrence of an agglomerated nanoparticle at a distance ri and is modelled as follows:

(2)    g  A , α   ( r −  r i  ) =  {    A ∗ α ∗ exp [ − α ∗ ( r −  r i  ) ] ,   r >  r i ,     0 ,   r ≤  r i ,        

The conditional intensity function λ(r|Hr) can now be expressed as follows:

(3)   λ ( r ) = μ + A  ∑  i :  r i  < r   α ⋅  e  − α ( r −  r i  )  .    

In this case, α denotes the decay rate in distance for the occurrence of an agglomerated nanoparticle, and A is the preexponential parameter describing the magnitude of excitation. Notably, gA,α is the function that describes the delta r − ri between an agglomerated and corresponding uniformly dispersed seed nanoparticle. The model is defined by three unknown parameters θ = (μ, A, α). While fitting the model to the microstructure data, these parameters are computed using maximum likelihood estimation. The log-likelihood function [35] is given a distance series of microstructure data consisting of N points {(ri), i = 1,...,N} in an area.


(4)   l ( θ |  H r  ) =  ∑  i = 1  N  log  λ θ  (  r i  |  H  r i   ) −  ∫ 0 R   λ θ  ( r |  H r  ) d r .   

The Davidon-Fletcher-Powell (DFP) approach, a gradient-based nonlinear optimisation procedure, is used to derive the maximum likelihood estimate (MLE) [32]. The DFP method works by iteratively updating an approximation to the inverse Hessian matrix. This approximation is used to generate a search direction, which is then used to update the current estimate of the minimum. The process is repeated until the convergence criteria are met. The probability that point i triggered point j, i.e. the probability that a nanoparticle j is in an agglomerate with nanoparticle i as a seed is given by:
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Hence, the probability of nanoparticle j being an agglomerated nanoparticle is 
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 Consequently, the probability of nanoparticle j being a uniformly dispersed nanoparticle is:

(6)   1 −  p j  =  μ  λ (  r j  |  H   r j    )  .    

Based on the probability values pj obtained from the model of N nanoparticle points can be classified into uniformly dispersed and agglomerated nanoparticles. This categorisation allows us to compute the microstructure's agglomeration level and the average agglomeration size of nanoparticles in a given microstructure. Pseudocode outlining the algorithm of the Hawkes point process model is shown in Figure 4.

The point process model described above relies on input data consisting of the distances of individual nanoparticles from the origin. To acquire these data, we first need to extract the nanoparticle locations from both experimental and simulated microstructures. We employed a widely used tool WebPlotDigitizer [36] to extract nanoparticle positions from the experimental microstructures. In the case of simulated microstructure, the centre of the CNT location is extracted directly from the model data. Subsequently, we calculated the distance of individual nanoparticle from the origin. This data is used as an input for the point process model.

Two or more nanoparticles at different angles may have the same radial distance from the origin. To avoid the overlapping of such nanoparticles, segments are created to allocate unique locations for the CNTs as shown in Figure 5. If any of the clustered nanoparticles (especially CNTs) are split across segments, then the particles that are closest to one another are forced to fall within the same segment. Figure 5 shows two CNT clusters inside segments 1 and 4; in this example, the nanoparticles are assigned a unique position within their respective segments. In this case, when we see that one cluster is split across two segments (i.e. segments 2 and 3), so we create a buffer segment to ensure that the cluster is not divided across the segments, and any particles that are close by within the buffer segment are considered in the same segment. In this scenario, CNTs are considered in segment 2 and ignored in segment 3 to avoid recurrence. These scenarios are more common for high aspect ratio particles like CNTs.




	Algorithm: Simulation of Hawkes Point Process Model


	
	Extract the location of each of the N nanoparticle in the RAE. (For both experimentally and computationally generated microstructures.)

	Calculate the distance from the origin (r) for particle i. Find {(ri), i=1,...,N}

	Find background intensity rate μ(r) corresponding to uniformly distributed microstructure with no agglomerates.

	Calculate the conditional intensity function λ(r)=μ+Σ_{i:ri<r}g_{A,α}(r-ri) in the space interval R=[sstart,send] for a given background intensity μ(r).

	inputs: θ0 initial guess for the model parameters θ=(μ,A,α), μ(r) - background rate, k=0

	Start loop

	use θk and get θk+1

	pi = μ / λ(rj|H_{rj}) Probability values for uniformly dispersed nanoparticles

	k = k + 1

	until l(θ|Hr)=Σ_{i=1}^{N}logλ_{θ}(ri|Hri)-∫_{0}^{R}λ_{θ}(r|Hr)dr optimized for the model parameters θ=(μ,A,α)

	return θk - Maximum Likelihood Estimation is

	Post analysis: based on the probability values obtained from the model nanoparticles are classified as dispersed (when pi < 0.9) or agglomerated particles (when pi > 0.9)

	Based on the probability values and particle locations agglomeration levels and agglomerate sizes are quantified for a given microstructure






Figure 4. Pseudocode outlining the algorithm of Hawkes Point Process Model.


[image: Starting from the Origin at the bottom-left, yellow lines divide the space into Segment 1 through Segment 4 with a dashed red Buffer segment between them.]
Figure 5. Allocation of unique location to CNTs in a micrograph. 


3. Results


3.1. Analysis of experimental microstructures

The digitised nanoparticle positions from the experimental micrographs captured at various sonication times are as shown in Figure 6. Due to the limited contrast between the nanoparticles and the substrate, we used a manual process to extract the nanoparticle locations. However, this process can be easily automated using higher contrast particles. Once we have obtained the nanoparticle location data, we utilise MATLAB code to create segmentation that assigns unique identifiers to these locations as explained in Section 2.3. This dataset is used as input for the point process model, enabling the classification of nanoparticles into two categories: those that are uniformly dispersed and agglomerated nanoparticles.

The point process model provides output in terms of probability values that play a crucial role in classifying nanoparticle behaviour. Equation (5) is used to compute the probability that a given particle is uniformly dispersed. This probability value is the basis for the classification of all points as independent (i.e. dispersed) or dependent (i.e. part of an agglomerate). All agglomerates will still contain one particle that is classified as an independent point and the surrounding particles close to this independent particle would have low probability values indicating that they are a part of the agglomerate. The choice of the probability value 0.8 was determined as a threshold through visual examination, where it was noted that nanoparticles are in an agglomerated state when the probability that they are independent was below 0.8. Figure 7 shows the microstructure of titanium nanoparticles alongside a corresponding contour plot of the probability values. After undergoing 5 min of sonication, the microstructure exhibits a relatively high level of agglomeration. The corresponding contour plot for most particles depicts a low probability that the particles are not agglomerated, indicating high levels of nanoparticle agglomeration. Conversely, the titanium microstructure subjected to 2 h of sonication tends to exhibit much lower levels of agglomeration. In the figure, the corresponding contour plot reveals higher probability values, depicted in red, signifying uniformly dispersed nanoparticles. 


[image: Microscope panels show particle distribution transitioning from large dense clusters in panels a and b to widely dispersed individual particles in panels c and d.]
Figure 6. Extracted titanium nanoparticle location dispersed on the substrate at different sonication time (a) 5 min (b) 30 min (c) 1 h and (d) 2 h.


[image: Microscopy sequences labeled a through d showing bacterial clusters. Starting from the cluster structures in b, panel d isolates individual localized points against a white background.]
Figure 7. (a) Titanium microstructure sonicated after 5 min, (b) contour plot based on probability values form the model for sonication time 5 min, (c) titanium microstructure sonicated after 2 h and (d) contour plot based on probability values for sonication time 2 h. Note the contour legend corresponds to both (a) and (b), the size of the micrographs is 25 μm × 25 μm.
We investigated the agglomeration behaviour of titanium nanoparticles in relation to varying sonication durations. Commercially available titanium nanoparticles in a dry powder state are found to be agglomerated into particles that are several hundred nanometres in size [37, 38]. For each specific sonication duration, we capture three micrographs and subsequently quantify the agglomeration percentage based on the probability values generated by the point-process model. The findings presented in Figure 8 illustrate that a higher percentage of titanium nanoparticle agglomeration is observed when sonication times are shorter. It is quite evident that when a shorter duration of ultrasonication was employed, it was insufficient to effectively disperse the nanoparticle agglomerates, consequently resulting in a higher agglomeration percentage. As we progress from sonication duration A to G (see Figure 7), the agglomeration percentage consistently decreases indicating that a higher duration of ultrasonication results in uniform dispersion of the nanoparticles. The error bars depicted in Figure 7 signify the standard deviation of the nanoparticle agglomeration percentage corresponding to each sonication duration. This trend signifies that the nanoparticle agglomerates gradually break apart as the sonication time extends. The model can effectively capture the dynamic relationship between sonication duration and titanium nanoparticle agglomeration.

Once the nanoparticle classification as dispersed or agglomerated particles is completed, we employ a post-processing MATLAB code to determine the size of the nanoparticle agglomerate. This is accomplished by identifying agglomerate boundary based on the aforementioned probability values. Given that our input data consists of a sequential series of nanoparticle distances from the origin. We use the probability values to identify continuous sequences of values that consistently fall below 0.8. This pattern of consecutive low values is indicative of the existence of nanoparticle clusters. In contrast, if the values remain consistently above 0.8, it signifies that the nanoparticles are uniformly dispersed. By adopting this method, we can pinpoint nanoparticle agglomerate clusters and calculate the size of a given agglomerate, and the average agglomeration size for the micrograph. In Figure 9, as we progress from point A to point F, corresponding to increasing sonication times, it becomes evident that the agglomeration size consistently decreases. This observation indicates the gradual breakdown of nanoparticle agglomerates in response to longer sonication times.



[image: A line graph showing agglomeration percent of titanium nanoparticles decreasing from 100 to 0 as sonication time increases from 0 to 120 minutes across points A through G.]
Figure 8. Agglomeration of titanium nanoparticles with respect to sonication time. Note the contour legend corresponds from A to G micrographs and the size of the micrographs is 25 μm × 25 μm.
To validate the point process model results, we compared the point process agglomeration analysis with microstructural analysis. The agglomeration statistics were manually extracted from the same micrographs that were used for point process analysis. The comparison between the two approaches shown in Table 1 indicates that point process model accurately captures the agglomeration behaviour.





 

3.2. Analysis of simulated microstructures

The same methodology is applied to the simulated microstructures containing carbon nanotubes, generated within a Representative Area Element measuring 25 × 25 micrometres. In Figure 10, we present a randomly generated microstructure, featuring a 50% agglomeration of CNT nanoparticles. We can discern two distinct nanoparticle behaviours as depicted in the figure. First, we observe CNT nanoparticle entanglement, which is referred to as agglomerated nanoparticles. Second, there are uniformly dispersed CNT nanoparticles, which appear isolated without nearby CNTs or entanglements. To distinguish between these two behaviours, we utilise a point-process model to calculate probability values for the classification. The corresponding contour plot in Figure 10 represents these nanoparticles based on the probability values obtained from the model. Equation (5) serves as the probability equation for uniformly dispersed nanoparticles, forming the foundation for classification. When the value derived from this equation is below 0.8, it indicates that the nanoparticles are in an agglomerated state. Conversely, when the value exceeds 0.8, it signifies uniform dispersion of the nanoparticles. Uniformly dispersed nanoparticles are depicted as orange to red nanoparticles in the contour plot. In contrast, agglomerated nanoparticles are represented as yellow to blue dots in the contour plot. This approach allows us to effectively differentiate between uniformly dispersed and agglomerated CNT nanoparticles within the simulated microstructure, which helps to quantify nanoparticle agglomeration characteristics.



[image: Starting from the Agglomerate size axis, a line graph labeled A through G shows nanoparticle size decreasing from 3 to 0.5 micrometers as Sonication time increases.]
Figure 9. Agglomerate size of titanium nanoparticles with respect to sonication time.


[image: Starting from the Agglomerated nanoparticles at the top, the left panel shows clustered black lines, while the right panel displays colored dots representing Uniformly dispersed nanoparticles.]
Figure 10. Randomly generated microstructure with 50% agglomeration of CNT nanoparticles and contour plot of representation of nanoparticles based on probability values obtained from point-process model.

3.2.1. Equiaxed vs. rope-like agglomerated microstructures

Based on the processing conditions, agglomerates in carbon nanotubes have been found to exhibit two types of morphologies: equiaxed [39, 40] and rope-like [41, 42]. Equiaxed agglomeration of carbon nanotubes refers to a specific clustering pattern of CNTs where the agglomerates take on spherical or star-like shapes. In Figure 11, we can see that the simulated microstructure transitions from uniformly dispersed CNTs to various levels of equiaxed agglomerated microstructures, and this transformation is achieved using a stochastic microstructure model. To quantify these changes, corresponding contour plots represent the probability that a given CNT is in a dispersed state. These values are derived from a point process model. In the first micrograph (a), where CNTs are uniformly dispersed, the probability values are close to 1. This signifies that the CNTs are evenly distributed throughout the microstructure with minimal clustering. As we progress to micrographs (b), (c), and (d), we observe a decrease in probability values, indicating higher levels of agglomeration in the micrographs. In (b), with 30% agglomeration, some clustering of CNTs has begun to occur. In (c), with 50% agglomeration, the clustering becomes more pronounced. Finally, in (d), with 99% agglomeration, the probability value is at its lowest, signifying that a significant portion of CNTs has aggregated into equiaxed agglomerates, forming spherical or starlike structures.


In contrast to equiaxed agglomeration, rope-like agglomeration of carbon nanotubes refers to bundling together CNTs parallel to each other into structures that resemble ropes or fibres. Figure 14 shows the evolution of the simulated rope-like microstructures, varying from uniformly dispersed to increasing levels of rope-like agglomeration. These variations are obtained by changing the input parameters to the stochastic microstructure model as described in Section 2.2. Figure 12 displays simulated micrographs and corresponding contour plots indicating the probability of CNT dispersion. For the completely dispersed state shown in Figure 12 (a), the probability values are close to 1. This signifies that the point process model computes that the CNTs are uniformly distributed throughout the microstructure, with minimal clustering. Figure 10b–d presents micrographs with increasing agglomeration and corresponding probability contours. For both rope-like and equiaxed agglomerated microstructures, the point process model computes the dispersion probabilities effectively which are used for further analysis.

We employed the point process model to categorise nanoparticle distributions as either uniformly dispersed or agglomerated and used this information to quantify the level of agglomeration within a given microstructure. We analysed 25 microstructures of specific agglomeration characteristics to account for statistical variation. We find that the results independently obtained from the point process model closely align with the input parameters used by the stochastic microstructure model to model the microstructures. Error bars represent the standard deviation associated with the nanoparticle agglomeration percentages. Figure 13 shows these results for equiaxed microstructure and similar results for rope-like microstructures are shown in Figure 14.



[image: Panels a through d display paired fiber and dot distributions. The dots are colored by a vertical bar on the right ranging from zero to one.]
Figure 12. Rope-like generated microstructure and contour plot of CNT nanoparticles based on probability values (a) 0% agglomeration (b) 30% agglomeration (c) 70% agglomeration and (d) 99% agglomeration.


3.2.2. Agglomerate size variation

We utilised the same post-processing MATLAB code used for experimental microstructures, to analyse the size of the nanoparticle agglomerates for the simulated microstructures as well. Figure 15 presents the average agglomerate size for a given agglomeration percentage for both equiaxed and rope-like microstructures. For equiaxed and rope-like agglomerates, the agglomeration size consistently increases with a corresponding rise in the agglomeration percentage. The equiaxed agglomerate exhibits a larger agglomerate size compared to the rope-like agglomerate. This size difference arises from the distinctive star-like shape found in equiaxed agglomerates, whereas rope-like agglomerations are characterised by their fiber-like structure. The reduction in agglomeration size in the rope-like formation is attributed to the alignment of carbon nanotubes, causing a decrease in size along the radial direction. This alignment results in an overall decrease in agglomeration size at higher rates of agglomeration.





4. Discussion

Controlled agglomeration offers the advantage of tailoring material properties to meet specific performance requirements. For instance, as agglomeration increases, particle-to-particle distances shorten, intensifying magnetic dipole interparticle interactions. This results in a more pronounced ferromagnetic behaviour with hysteresis losses, valuable for tumour treatment by selectively targeting cancer cells without harming surrounding healthy tissue [43]. Conversely, nanoparticle agglomeration can diminish the potential improvement in mechanical properties in nanocomposites due to restricted interfacial area. In orthopaedic applications [44], ceramic nanoparticles inherent tendency to form larger agglomerates in a polymer matrix compromise mechanical performance. In materials’ microstructure characterisation, nanoparticles have played an important role in determining strain maps and finding strain localisations via digital image correlation (DIC). In this case, properly dispersed particles must cover the area of interest, allowing the construction of displacement fields [45, 46]. The growing use of nanoparticles in everyday products raises concerns about their release into water sources and wastewater. In water treatment and wastewater sludge, nanoparticles and agglomerates with particle sizes less than 100 nm can be slow settling, prolong suspension, and hinder effective removal, increasing the risk of environmental toxicity [47]. Agglomerated nanoparticles often possess reduced effective surface areas compared to individual dispersed nanoparticles, limiting reactivity critical in applications like catalysis [48]. Additionally, agglomerates may exhibit diminished mobility and diffusion rates, impacting their effectiveness in applications requiring free nanoparticle movement, such as drug delivery [49]. Therefore, it is of utmost importance to gain a comprehensive understanding of nanoparticle behaviour with regard to aspects such as morphology, agglomeration percentage, agglomeration size, and associated factors.



[image: Starting from the central line graph, data points A through G correlate increasing Index numbers with rising Agglomeration percent, visualized by surrounding plots of decreasing particle density.]
Figure 13. Comparison of percentage of agglomerated microstructure generated from stochastic model with the point process model.

[image: Starting from the Index number on the horizontal axis, the Agglomeration percent rises from point A to G. Surrounding maps show corresponding particle clustering and density changes.]
Figure 14. Comparison of percentage of rope-like agglomerated microstructure generated from stochastic model with the point process model.


[image: Starting from the Agglomeration percent axis, both Equiaxed and Rope-like agglomeration show an upward trend in Agglomerate size, with Equiaxed agglomeration reaching a higher final value.]
Figure 15. The average agglomeration size with error bars is represented for equiaxed and rope-like agglomerate with respect to agglomeration percent.
Mathematical models to describe and predict nanoparticle agglomeration provide invaluable insights into the complex dynamics of nanoparticles coming together, forming clusters, and influencing various material properties. Several modelling approaches including stochastic percolation models [50], fractal analysis [51], Smoluchowski equation [52] and Kinetic Monte Carlo [53] have been used to study agglomeration. These models describe how nanoparticles come together and form aggregates over time, taking into account factors such as particle concentration, collision frequency, and the probability of aggregation. Despite these developments, there is a limited correlation between modelling and experimental studies. Furthermore, there is a lack of modelling approaches that can quantitatively analyse a given experimental or simulated microstructure for agglomeration characteristics. The point process model proposed in this study effectively addresses this aspect.


Statistical methods offer distinct advantages in quantifying the agglomeration phenomenon compared to analytical methods. Considering the inherent stochasticity of agglomeration processes, statistical methods provide a robust framework for analysing and interpreting data. Unlike analytical techniques, statistical methods allow researchers to not only describe the central tendencies of agglomeration phenomena but also assess the variability, distribution, and trends within datasets, as well as quantify uncertainties and reveal patterns and correlations that might be overlooked by purely analytical methods. Self-exciting point process is an effective approach to model discrete history-dependent interrelated spatio-temporal events or points. Consequently, it has been used extensively in various domains with such data including earthquake occurrences [35], epidemiology [28], crime [26], financial markets [54], etc.

Despite the success of Hawkes point process models in various domains, they have not been utilised in materials science. To our knowledge, this study represents the first application of the Hawkes point process model to a problem in materials science. Self-excitation point process models are well-suited for analysing agglomeration due to the following reasons: (a) Discretisation: Point process models handle discrete points or events in the spatiotemporal domain. In the context of agglomeration, these discrete points can represent individual nanoparticles which are either dispersed or in clusters. (b) History or Path Dependence: Another prerequisite for applying point process models is the history dependence of the events or points. Agglomeration processes inherently exhibit history dependence, meaning the current state of agglomeration is influenced by the existing locations of the particles. The applied model uses a 2D dataset but holds the potential for adaptation to 3D datasets. For adapting to 3D, one would use volumetric data and convert x, y, and z positions to distance from origin in sub cells. This would be similar to the procedure described in section 2.3 except for including volumetric slices instead of planar segments. However, this would complicate the model and require 3D characterisation data. Some of the techniques used for 3D characterisation of nanoparticles include X-ray computed microtomography [55], confocal laser scanning microscopy [56] and transmission electron microscopy [57].

We acknowledge the limitations of optical microscopy, particularly when working with complex structures in three dimensions. Optical microscopy, while valuable for visualizing particle distributions, has inherent resolution limits that can introduce uncertainties in size measurements and the detailed characterisation of nanoparticle agglomerates. These uncertainties primarily arise from diffraction limits and the inability to resolve features below the wavelength of light used in the microscope. Therefore, we complemented optical microscopy with Scanning Electron Microscopy (SEM) and Dynamic Light Scattering (DLS) spectroscopy to characterize the particle size distributions for high ultrasonication times. Another limitation is with respect to particle count. In the microstructures we have considered, the particle count varies from 621 to 89. The background rate used in the calculation is dependent on the number of particles. It is always desirable to analyse microstructures with a larger number of particles.

Here we have quasi-statically analysed the agglomeration in microstructures. The model and methodology are highly adaptable and can be readily extended to accommodate dynamic processes. For instance, the analysis in Figure 8, presents an opportunity to explore the spatiotemporal evolution of microstructures under the influence of sonication. By transitioning from quasi-static analysis to dynamic analysis, one can examine how microstructures change over time as a result of sonication. This will facilitate the time-dependent behaviour and responses of such structures and applications. Furthermore, many phenomena in material science can be discretised and have path dependence. For example, nucleation growth processes like solidification and equilibrium phase transformations. The self-excitation point process models can potentially be used for analysing such processes.
 

5. Conclusion

This study presents an innovative application of the self-exciting point process model to investigate nanoparticle agglomeration. Experimentally generated titanium nanoparticle microstructures were analysed, revealing a direct correlation between sonication duration and nanoparticle agglomeration. With increasing sonication time, it was observed that a simultaneous reduction in both agglomeration percentage and size. Additionally, our analysis extends to simulated carbon nanotube microstructures, encompassing a wide range of agglomeration patterns, including equiaxed and rope-like morphologies. The outcomes derived from the point process model align closely with those obtained from the microstructure model. Agglomeration size consistently increases alongside the agglomeration percentage for equiaxed and rope-like agglomerates, with equiaxed structures displaying larger agglomerates due to their star-like shape, while rope-like agglomerations are defined by their fibre-like structure. This study demonstrates that self-exciting point process models can be used for analysing phenomenon in materials science that can be broken down into discrete events or points, and exhibit path dependence. While we focus on agglomeration in this study, the approach can potentially be extended to other nucleation and growth-type processes.
 

Acknowledgement

This material is based upon work supported in part by the National Science Foundation under Grant numbers 2001038 and 2050887. The opinions, findings, conclusions, or recommendations expressed are those of the author(s) and do not necessarily reflect the views of the National Science Foundation.
 


Disclosure statement

No potential conflict of interest was reported by the author(s).



Funding

This work...



Data availability statement

We have added the supplemental data including microstructure images and computational
codes to a GitHub repository. It can be accessed through the following link https://github.com/AMMG-at-ERAU/Nanoparticle-Agglomeration.



References


	I. Chowdhury, S.L. Walker, and S.E. Mylon, Aggregate morphology of nano-Ti02: role of primary particle size, solution chemistry, and organic matter. Environ. Sci: Processes Impacts 15 (2013), pp. 275–282.

	Y. Nur, J.R. Lead, and M. Baalousha, Evaluation of charge and agglomeration behavior of TiO2 nanoparticles in ecotoxicological media. Sci. Total Environ. 535 (2015), pp. 45–53.

	M. Zareei, H. Yoozbashizadeh, and H.R. Madaah Hosseini, Investigating the effects of pH, surfactant and ionic strength on the stability of alumina/water nanofluids using DLVO theory. J. Thermal Anal. Calorimet. 135 (2019), pp. 1185–1196.

	J. Jiang, G. Oberdorster, and P. Biswas, Characterization of size, surface charge, and agglomeration state of nanoparticle dispersions for toxicological studies. J. Nanoparticle Res. 11 (2009), pp. 77–89.

	K. Suttiponparnit, J. Jiang, M. Sahu, S. Suvachittanont, T. Charinpanitkul, and P. Biswas, Role of surface area, primary particle size, and crystal phase on titanium dioxide nanoparticle dispersion properties. Nanoscale Res. Lett. 6 (2011), pp. 1–8.

	S. Arya, P. Mahajan, S. Mahajan, A. Khosla, R Datt, V. Gupta, S.J. Young, and S.K. Oruganti, Review—influence of processing parameters to control morphology and optical properties of sol-gel synthesized ZnO nanoparticles. ECS J. Solid State Sci. Technol. 10 (2021), pp. 23002.

	Y. Zare, Study of nanoparticles aggregation/agglomeration in polymer particulate nanocom-osites by mechanical properties. Compos. A: Appl. Sci. Manuf. 84 (2016), pp. 158–164.

	R. Qiao, H. Deng, K.W. Putz, and L.C. Brinson, Effect of particle agglomeration and interphase on the glass transition temperature of polymer nanocomposites. J. Polym. Sci. B: Polym. Phys. 49 (2011), pp. 740–748.

	R.C. Murdock, L. Braydich-Stolle, A.M. Schrand, J.J. Schlager, and S.M. Hussain, Characterization of nanomaterial dispersion in solution prior to in vitro exposure using dynamic light scattering technique. Toxicol. Sci. 101 (2008), pp. 239–253.

	W.G. Shin, J. Wang, M. Mertler, B. Sachweh, H. Fissan, and D.Y.H. Pui, Structural properties of silver nanoparticle agglomerates based on transmission electron microscopy: relationship to particle mobility analysis. J. Nanoparticle Res. 11 (2009), pp. 163–173.

	A.M. Horst, A.C. Neal, R.E. Mielke, P.R Sislian, W.H. Suh, L. Madler, G.D. Stucky, and P.A. Holden, Dispersion of TiO2 nanoparticle agglomerates by pseudomonas aeruginosa. Appl. Environ. Microbiol. 76 (2010), pp. 7292–7298.

	R.D. Boyd, S.K. Pichaimuthu, and A. Cuenat, New approach to inter-technique com-parisons for nanoparticle size measurements; using atomic force microscopy, nanoparticle tracking analysis and dynamic light scattering. Colloids Surf. A: Physicochem. Eng. Asp. 387 (2011), pp. 35–42.

	S. Bandyopadhyay, J.R. Peralta-Videa, J.A. Hernandez-Viezcas, M.O. Montes, A.A. Keller, and J.L. Gardea-Torresdey, Microscopic and spectroscopic methods applied to the measurements of nanoparticles in the environment. Appl. Spectrosc. Rev. 47 (2012), pp. 180–206.

	E. Verleysen, P.-J. De Temmerman, E. Van Doren, M. Abi, D. Francisco, and J. Mast, Quantitative characterization of aggregated and agglomerated titanium dioxide nanomater-ials by transmission electron microscopy. Powder Technol. 258 (2014), pp. 180–188.

	A. Rao, M. Schoenenberger, E. Gnecco, T. Glatzel, E. Meyer, D. Brandlin, and L. Scandella, Characterization of nanoparticles using atomic force microscopy. J. Phys. Conf. Ser. 61 (2007), pp. 971.

	Z. Jia, J. Li, L. Gao, D. Yang, and A. Kanaev, Dynamic light scattering: A powerful tool for in situ nanoparticle sizing. Colloids Interfaces 2023, 7(1), 15.

	T. Kim, C.H. Lee, S.W. Joo, and K. Lee, Kinetics of gold nanoparticle aggregation: exper-iments and modeling. J Colloid Interf. Sci. 318 (2008), pp. 238–243.

	H.H. Liu, S. Surawanvijit, R Rallo, G. Orkoulas, and Y. Cohen, Analysis of nanoparticle agglomeration in aqueous suspensions via constant-number Monte Carlo simulation. Environ. Sci. Technol. 45 (2011), pp. 9284–9292.

	J. Moran, J. Yon, and A. Poux, Monte carlo aggregation code (MCAC) part 1: funda-mentals. J. Colloid Interf. Sci. 569 (2020), pp. 184–194.

	A. Gbaguidi, S. Namilae, and D. Kim, Stochastic percolation network model for hybrid nanocomposites, in IEEE Aerospace Conference, IEEE, 2020. pp. 1–13.

	A. Gbaguidi, S. Namilae, and D. Kim, Stochastic percolation model for the effect of nanotube agglomeration on the conductivity and piezoresistivity of hybrid nanocompo-sites. Comput. Mater. Sci. 166 (2019), pp. 9–19.

	S. Bhoi, S. R. Kolan, Andreas Buck, and E. Tsotsas, Population balance modeling of for-mation and breakage of nanoparticle agglomerates in a spouted bed. Powder Technol. 433 (2024): 119271.

	J. Liao, S. Qing, X. Zhang, X. Huang, and X. Wang, Factors that influence the aggrega-tion structure of nanoparticles in nanofluids: A molecular dynamics simulation. J. Molec. Liquids 368 (2022), 120716.

	R. Wang, S. Qian, and Z. Zhang, Investigation of the aggregation morphology of nano-particle on the thermal conductivity of nanofluid by molecular dynamics simulations. Int. J. Heat Mass Transf. 127 (2018), pp. 1138–1146.

	A.R Alian and S.A. Meguid, Molecular dynamics simulations of the effect of waviness and agglomeration of CNTs on interface strength of thermoset nanocomposites. Phys. Chem. Chem. Phys. 19 (2017), pp. 4426–4434.

	A. Daw and J. Pender, An ephemerally self-exciting point process. Adv. Appl. Probab. 54 (2022), pp. 340–403.

	G.O. Mohler, M.B. Short, P.J. Brantingham, F.P. Schoenberg, and G.E. Tita, Self-excit-ing point process modeling of crime. J. Am. Stat. Assoc. 106 (2011), pp. 100–108.

	Q. Zhao, M.A. Erdogdu, H.Y. He, A. Rajaraman, and J. Leskovec. Seismic: A self-exciting point process model for predicting tweet popularity. In Proceedings of the 21th ACM SIGKDD international conference on knowledge discovery and data mining, 2015, pp. 1513–1522.

	S. Meyer, L. Fahrmeir, and M. Hohle. Spatio-temporal infectious disease epidemiology based on point processes. Doctoral dissertation, Institut fur Statistik, 2009.

	S. Towers, A. Gomez-Lievano, M. Khan, A. Mubayi, and C. Castillo-Chavez, Contagion in mass killings and school shootings. PLoS One 10 (2015), pp. e0117259.

	E.W. Fox, M.B. Short, F.P. Schoenberg, K.D. Coronges, and A.L. Bertozzi, Modeling e-mail networks and inferring leadership using self-exciting point processes. J. Am. Stat. Assoc. 111 (2016), pp. 564–584.

	V. Filimonov and D. Sornette, Apparent criticality and calibration issues in the Hawkes self-excited point process model: application to high-frequency financial data. Quant Finance 15 (2015), pp. 1293–1314.

	J. Chandrapala and T. Leong, Ultrasonic Processing for Dairy Applications: Recent Advances. Springer, New York, 2015.

	A. Gbaguidi, S. Namilae, and D. Kim, Monte Carlo model for piezoresistivity of hybrid nanocomposites. J. Eng. Mater. Technol. 140 (2018.

	Y. Ogata, Space-time point-process models for earthquake occurrences, Ann. Inst. Stat. Math. 50 (1998), Pp. 379–402.

	A. Rohatgi. WebPlotDigitizer User Manual Version 4.6, 2022.

	Y. Zhang, Y. Chen, P. Westerhoff, K. Hristovski, and J.C. Crittenden, Stability of com-mercial metal oxide nanoparticles in water. Water Res. 42 (2008), pp. 2204–2212.

	Y. Zhang, Y. Chen, P. Westerhoff, and J. Crittenden, Impact of natural organic matter and divalent cations on the stability of aqueous nanoparticles. Water Res. 43 (2009), pp. 4249–4257.

	P.C. Ma, N.A. Siddiqui, G. Marom, and J.K. Kim, Dispersion and functionalization of carbon nanotubes for polymer-based nanocomposites: A review. Compos. A: Appl. Sci. Manuf. 41(10) (2010), pp. 1345–1367.

	X. Zhang, Q. Li, T.G. Holesinger, P.N. Arendt, J. Huang, P.D. Kirven, T.G. Clapp, R.F. DePaula, X. Liao, Y. Zhao, L. Zheng, D.E. Peterson, and Y. Zhu, Ultrastrong, stiff, and lightweight carbon-nanotube fibers. Adv. Mater. 19 (2007), pp. 4198–4201.

	C.S. Jarali, S.R. Basavaraddi, B. Kiefer, S.C. Pilli, and Y.C. Lu, Modeling of the effective elastic properties of multifunctional carbon nanocomposites due to agglomeration of straight circular carbon nanotubes in a polymer matrix. J. Appl. Mech. 81(2) (2014), pp. 021010.

	N. Prakash and G.D. Seidel, Electromechanical peridynamics modeling of piezoresistive response of carbon nanotube nanocomposites. Comput. Mater. Sci. 113 (2016), pp. 154–170.

	C.L. Dennis, A.J. Jackson, J.A. Borchers, P.J. Hoopes, R. Strawbridge, A.R. Foreman, J. van Lierop, C. Grüttner, and R. Ivkov, Nearly complete regression of tumors via collective behavior of magnetic nanoparticles in hyperthermia. Nanotechnology 20(39) (2009), pp. 395103.

	H. Liu and T.J. Webster, Mechanical properties of dispersed ceramic nanoparticles in polymer composites for orthopedic applications. Int. J. Nanomed. 5 (2010), pp. 299–313.

	A.W. Mello, A. Nicolas, and M.D. Sangid, Fatigue strain mapping via digital image correlation for Ni-based superalloys: The role of thermal activation on cube slip. Mater. Sci. Eng: A 695 (2017), pp. 332–341.

	A.W. Mello, T.A. Book, A. Nicolas, S.E. Otto, C.J. Gilpin, and M.D. Sangid, Distortion correction protocol for digital image correlation after scanning electron microscopy: emphasis on long duration and ex-situ experiments. Exp. Mech. 57 (2017), pp. 1395–1409.

	S.K. Brar, M. Verma, R.D. Tyagi, and R.Y. Surampalli, Engineered nanoparticles in wastewater and wastewater sludge - evidence and impacts. Waste Manage. 30(3) (2010), pp. 504–520.

	F. Maillard, S. Schreier, M. Hanzlik, E.R. Savinova, S. Weinkauf, and U. Stimming, Influence of particle agglomeration on the catalytic activity of carbon-supported Pt nanoparticles in CO monolayer oxidation. Phys. Chem. Chem. Phys. (2005), pp. 375–383.

	M. Pavlin and V.B. Bregar, Stability of nanoparticle suspensions in different biologically relevant media. Digest J. Nanomater. Biostruct. (2012), 7(4).

	M. Haghgoo, R. Ansari, and M.K. Hassanzadeh-Aghdam, The effect of nanoparticle conglomeration on the overall conductivity of nanocomposites, Int. J. Eng. Sci. (2020), 157, 103392.

	V. Kanniah, P. Wu, N. Mandzy, and E.A. Grulke, Fractal analysis as a complimentary technique for characterizing nanoparticle size distributions. Powder Technol. 226 (2012), pp. 189–198.

	H.H. Liu, J. Lanphere, S. Walker, and Y. Cohen, Effect of hydration repulsion on nano-particle agglomeration evaluated via a constant number monte-carlo simulation. Nanotechnology 26(4) (2015), pp. 45708.

	T.H. Lim, D. McCarthy, S.C. Hendy, K.J. Stevens, S.A. Brown, and R.D. Tilley, Real-Time TEM and kinetic monte carlo studies of the coalescence of decahedral gold nanoparticles. ACS Nano 3 (2009), pp. 3809–3813.

	Y. Ait-Sahalia, J. Cacho-Diaz, and R.J.A. Laeven, Modeling financial contagion using mutually exciting jump processes. J. Financ. Econ. 117 (2015), pp. 585–606.

	T. Xu, F. Li, and C. Lu, Visualization of materials using the confocal laser scanning microscopy technique. Chem. Soc. Rev. 49(8) (2020), pp. 2408–2425.

	D. Aishee, S. Gare, S. Swain, P. Bhattacharya, V. Dhyani, L. Giri, and S. Neogi. 3D imaging and quantification of PLL coated fluorescent ZnO NP distribution and ROS accumulation using laser scanning confocal microscopy. AIChE J. 68, no. 9 (2022): el7801.

	A. J. Koster, U. Ziese, A. J. Verkleij, A. H. Janssen, and K. P. De Jong. Three-dimen-sional transmission electron microscopy: A novel imaging and characterization technique with nanometer scale resolution for materials science. J. Phys. Chem. B 104, no. 40 (2000): 9368–9370.











	[image: Philosophical Magazine by Taylor and Francis Group. Structure and Properties of Condensed Matter. Volume eighty-three Issue eight. First published in seventeen ninety-eight.]
	Philosophical Magazine
	[image: A circular icon on the left containing an oil lamp symbol sits beside the blue text Taylor and Francis and Taylor and Francis Group on the right.]



	ISSN: 1478-6435 (Print) 1478-6443 (Online) Journal homepage: www.tandfonline.com/journals/tphm20





The phase-field model in tumor growth

Rui D.M. Travasso, Mario Castro & Joana C.R.E. Oliveira

To cite this article: Rui D.M. Travasso, Mario Castro & Joana C.R.E. Oliveira (2011) The phase-field model in tumor growth, Philosophical Magazine, 91:1, 183-206, DOI: 10.1080/14786435.2010.501771

To link to this article: https://doi.org/10.1080/14786435.2010.501771


[image: Vertical list starting with a publication date of twenty-nine July two thousand ten, followed by submission links and article metrics including eight hundred ninety-five views.]

Full Terms & Conditions of access and use can be found at

https://www.tandfonline.com/action/journalInformation?journalCode=tphm20









	Philosophical Magazine

Vol. 91, No. 1, 1 January 2011, 183–206

	[image: Starting from the lamp emblem at the left, the text Taylor and Francis and Taylor and Francis Group appears in black on the right.]





The phase-field model in tumor growth

Rui D.M. Travassoa*, Mario Castrob and Joana C.R.E. Oliveirac

aCentro de Física Computacional, Universidade de Coimbra, 3004-516 Coimbra, Portugal;
bGrupo Interdisciplinar de Sistemas Complejos (GISC) and Grupo de Dinámica No Lineal, Universidad Pontificia Comillas, E-28015 Madrid, Spain;
cCFP and Departmento de Enginharia Física, R. Dr. Roberto Frias, 4200-465 Porto, Portugal
(Received 11 January 2010; final version received 10 June 2010)

Tumor growth is becoming a central problem in biophysics both from its social and medical interest and, more fundamentally, because it is a remarkable example of an emergent complex system. Focusing on the description of the spatial and dynamical features of tumor growth, in this paper we review recent tumor modeling approaches using a technique borrowed from materials science: the phase-field models. These models allow us, with a large degree of generality, to identify the paramount mechanisms causing the uncontrolled growth of tumor cells as well as to propose new guidelines for experimentation both in simulation and in the laboratory. We finish by discussing open directions of research in phase-field modeling of tumor growth to catalyze the interest of physicists and mathematicians in this emergent field.

Keywords: phase-field; tumor growth; angiogenesis; multiphase model; mixture theory; simulation

*Corresponding author. Email: rui@teor.fis.uc.pt
ISSN 1478-6435 print/ISSN 1478-6443 online

© 2011 Taylor & Francis

DOI: 10.1080/14786435.2010.501771

http://www.informaworld.com



1. Introduction

Tumor growth is a central problem in biology and medicine and it is a highly complex system. Despite continuous efforts by the scientific community, both the genomic characterization of tumors [1,2] and the main physical mechanisms driving their development [3] are currently a matter of debate. These efforts are greatly enriched through an interdisciplinary approach. Physics, mathematics and computer simulation and modeling thus play a pivotal role in the research of tumor growth. The approach of mathematicians and physicists provides remarkable new ways of looking at biology. Starting the modeling from basic principles, the fundamentals of the problem can be tested and understood. On the other hand, and complementary to this method, biologists aim to find ways to hinder the development of tumors through a traditional bottom–top approach. Mutations are performed in genes regulating individual mechanisms which are inspected by observing the consequence of these mutations in the organism.

Neoplastic cells have a high ability to adapt to different environments [2] and until now the blockage of a single mechanism of adaptation and growth has not been able, in general, to stop their proliferation. This feature of tumor cells provides endless challenges to the traditional biological approach as well as to the design of cytotoxic drugs to be delivered in chemotherapy. These drugs currently do not target processes exclusive to tumor cells, and since these cells can more easily adapt to the harsh environment created by these drugs than normal cells, chemotherapy may become very severe to the organism [4].

The different chemical factors and cell types which interact in a non-trivial fashion complicate the problem immensely. Adding to this complexity there are diverse stages of growth as well as diverse types of tumors, each having specific ways of responding to the same regulatory cues. In general, a tumor starts when a cell undergoes varied mutations in key genes regulating the mitosis cycle and the apoptosis process. This line of cells may proliferate avidly and/or avoid death in situations of high stress. It may generate a disorganized group of densely packed cells giving rise to an avascular tumor.

Solid tumors in their early stages of development have the property of not growing past a certain size due to the death of their cells at the core by lack of nutrients. In simple terms, the acquisition of nutrients at the boundary is not able to meet the needs of the inner cells. This, in addition to the problem of confinement of the inner cells (the fast growth does not allow them to migrate), produces the so-called core necrosis inside the tumor.

When this stationary non-threatening stage is reached, malignant tumors adapt to the environment and undergo an active search for the nutrients they need to survive and proliferate. This can be achieved in two ways: (i) by migrating towards existing capillaries (through a process called co-option, characteristic of infiltrative tumors typically in densely irrigated organs like the brain, lung, liver or kidney [5,6]), or (ii) releasing factors, such the Vascular Endothelial Growth Factor (VEGF), which drive the nearby vessel’s endothelial cells to create new branches in the direction of the tumor, providing it with nutrients [7]. In this last case, we have a vascular tumor which can metastasize to new regions of the body in the case when a cell is able to enter the blood circulation.

The insights coming from modeling and computer simulation help the understanding of the implications of common or unifying mechanisms in solid tumor growth, such as those described above. A prevalent feature in solid tumor growth is the existence of a boundary that separates the various constituents in the system. These organize themselves in different phases, and so the problem may be tackled by understanding and simulating the dynamics of the tumor/normal cells interface, falling into the moving boundary problem category. This reasoning may provide relevant insights into controlling the development of tumors in the future.

Phase-field models, originally developed by the physics community in the context of non-equilibrium systems, have achieved great success over the past decades in describing a whole range of materials science phenomena related to nucleation and growth. The phase-field permits an elegant and multifaceted numerical description of complex nonlinear problems with moving boundaries. It is a tailorable method that can be easily adapted to quantitatively describe an extremely vast range of mechanical and dynamical properties of interfaces as a function of bulk properties [8]. In materials science, the various phase-field applications developed so far have matured sufficiently to allow their use in realistic applications with a high degree of accuracy.

Nevertheless, the application of the phase-field model to problems related to tumor dynamics is very much in its early stages of development. In this review, we describe the as-yet few applications in the literature of the phase-field model. We stress the benefits this new type of approach will bring to the better understanding of cancer dynamics with the aim of attracting scientists from different disciplines to this challenging problem.

Recent progress in imaging techniques allows oncologists to accurately track the evolution of tumors. With this in mind, it is paramount to develop means of following and predicting the development of a tumor in space and time. In this context, and with the insights learnt from materials science, the phase-field model has recently been used both to understand individual processes, as well as to attempt the simulation of a whole tumor in the avascular and vascular phases.

In Section 2, we review approaches that use phase-field to understand basic processes in tumor growth; in Section 2.1, the study of the relevance of different mechanisms controlling the movement of tumor cells in the avascular state is described, while in Section 2.2, we review a phase-field model for angiogenesis. In Section 3, we review approaches which use the phase-field model and constitutive relations for the stress tensor to study the dynamics of tumor growth. In Section 4, we discuss ways to systematize and improve the current phase-field modeling of tumors. Finally, in Section 5, we conclude by considering the benefits and limitations of this method in modeling tumor growth.



2. Simple phase-field approaches

As stated in the Introduction, tumors are highly complex systems and, from the beginning, simple models have been constructed to address one or two particular mechanisms of tumor growth, such as chemotaxis, cell adhesion, cell proliferation and death, or cell heterogeneity. These models probe the relevance of each process individually. Different techniques are suitable for modeling different mechanisms. The phase-field model, taking into account intrinsic cell adhesion, has been used to test the relevance of different competing mechanisms of chemotaxis in the situation of tumor growth [9].

Models for tumor angiogenesis, on the other hand, are more complex, include diverse scales in the system and simulate the growing ramified capillary network that nourishes the vascular tumor [10].


2.1. The role of competing mechanisms in tumor growth

One of the main difficulties when modeling tumor growth is the variety of ingredients that contribute to growth in similar ways. For instance, experiments have shown that a variety of tumor cells produce both protein growth factors and their corresponding receptors, enabling autocrine or paracrine signaling if, respectively, the stimulus not only affects the source but also its bystander cells [11]. Such polypeptide growth factors can, for example, stimulate tumor cell growth and invasion, such as in the case of hepatocyte growth factors [12] and epidermal growth factors [13], or induce tumor angiogenesis (through secretion of VEGF [14,15]).

In those cases, when biological experiments only provide a qualitative understanding of such mechanisms, modeling becomes more valuable. Thus, from discrete to continuum modeling, much work has been devoted to understanding the specific role of those mechanisms, from a microscopic (see [16] and references therein) to a macroscopic point of view (see, for instance the review papers [17,18]).

Macroscopic modeling has been traditionally approached through reaction-diffusion equations. This allows us to account for cell migration in a simple way (through diffusion terms), and additionally to include cell signaling or cell–cell interactions through mass action laws (e.g. through a Michaelis–Menten mechanism). However, in order to exploit these methods to extract morphological features of the tumor, several restrictions and approximations usually appear (such as considering the tumor as a sphere, or one-dimensional versions of the models).

Notably, one can use some tools borrowed from the phase-field community to reinterpret reaction-diffusion theories as phase-field models. In [9], this approach was used to explain experiments of brain tumor spheroids grown in vitro. In this section, we review this work and some of the ideas that can be projected in future work in the field. Moreover, we anticipate that one of most interesting results is the large degree of universality of the results for different functional mathematical forms of the reaction terms (actually, this is one of the traditional benefits of the phase-field approach).

2.1.1. Modeling in vitro tumor growth

Current monitoring techniques have helped to visualize growing tumors (both in vitro and in vivo). However, simple inspection of the emerging morphology of the tumor does not always allow us to determine which are the main physical mechanisms controlling the tumor growth. For instance, whether it is compact or produces branches may be due to competing or, on the contrary, cooperative mechanisms.

In [9], the authors were precisely interested in how the mechanisms of hetero and homotype chemotaxis (induced, respectively, by both an external agent or by the very tumor cells) compete and/or cooperate in the formation of tumor branching structures, and how the reaction terms must be chosen in order to reproduce mathematically, with some degree of universality, the experimentally observed patterns.

The experimental setting consisted of a multicellular tumor spheroid (MTS) embedded in a tissue culture medium-enriched extracellular matrix (ECM) gel, matrigel [19]. Tumor expansion is a multistep process that involves several mechanisms of progression, mainly: tumor cell proliferation and invasion guided by chemotaxis. In Table 1, all of the involved fields are summarized.

The model tries to capture the underlying relationships between the different components of the system that are coupled in a non-trivial way. Biologically, the matrigel (which plays the role of both an extracellular matrix and a source of nutrients) helps the in vitro tumor cells to proliferate but also limits their mobility. The tumor cells are attracted chemotactically by the heterotype chemo-attractant but also segregate their own homotype chemo-attractant. Finally, both chemo-attractants diffuse in the matrigel.


Table 1. Mathematical description of in vitro brain tumor growth.


	Symbol
	Description





	M(x, t)
	Density of the underlying matrigel



	Q(x, t)
	Heterotype chemo-attractant (externally supplied)



	C(x, t)
	Homotype chemo-attractant (produced by the tumor cells)



	U(x, t)
	Density of tumor cells.a






Note: aThis density plays the role of the phase-field of the model. Thus, the tumor boundary is the diffuse region where the tumor cell density goes from its mean value to almost zero.


To put this on a mathematical footing, these biological relationships are described in simple terms (further details can be found in [9]):


	M=M(x,t) is the average density field of the gel matrix as a function of space x and time t. The role of M is two-fold. From a nutrient perspective, the tumor cells (whose concentration will be described by the density field U(x, t) hereafter) metabolize M and hence they are able to proliferate. Besides, from a mechanical perspective, the solid gel matrix has an impact on tumor cell mobility, i.e. it confines the tumor cells and so they are guided by least or lesser resistance areas throughout the ECM here in vitro, or in vivo, by the distinct mechanical properties of the surrounding tissue.

	Chemotaxis can be generally defined as motility induced and guided by a concentration gradient. Wells [20] reviews the main experimental results on tumor chemotaxis and the biological mechanisms that produce it. The heterotype chemo-attractant represents nutrients diffusing from a source, e.g. a blood vessel in vivo, and as such is what guides both on-site cell proliferation and the onset of invasion. Acknowledging that the original experimental setting [19] used a non-replenished nutrient source, in the model of [9] the heterotype chemo-attractant was supplied externally.

	Tumor cells have been shown to produce protein growth factors such as the transforming growth factor alpha (TGF-α). These growth factors can affect the tumor producing cell itself, hence generating an autocrine feedback loop, as well as bystander cells, an effect called paracrine [21]. Thus, C stand for the density field of the homotype chemo-attractants.



Mathematically, these involved interactions can be summarized in the following set of equations:
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where Kis constant and the R functions are reaction terms. In particular, RMmay be understood as a double-well potential in phase-field terminology. This function forces the field U to take values close to the minima of the potential. In the case of the double-well potential, there are two equiprobable minima. With the interaction with external agents (for instance, chemo-attractants) one minimum becomes more favorable than the other. This asymmetry triggers the motion of the tumor surface.

2.1.2. Results

To the phase-field equation (4) may be added an interesting term not commonly present in condensed matter systems. This term has the form:

(5)
 
  −∇(Uχ(Q)∇Q).


This term accounts for hetero-chemotaxis (through the coupling with the field Q). The details of the function x(Q) are not as important as the explicit dependence on the gradient of Q.

Using the standard matching asymptotic procedure and matching the inner and outer expansions yields the normal velocity of the tumor in the original dimensions [8], and it can be found that (see [9] for details):
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where k is the mean curvature of the level surfaces of constant normal coordinate, n is a unit vector normal to the tumor interface and directed away from the tumor and v and μ are coefficients related to the reaction terms in Equations (1)-(4). This simple equation has important consequences for the comprehension of tumor growth:


	In the absence of chemotaxis and proliferation, for an initially circular tumor of radius R0, Equation (6) reduces to dR/dt = —μ/R, so tumor growth rate decreases with time (as ~ t-1/2 ) leading to a non-invasive growth which can remain benign for long periods of time.

	When chemotaxis is present (for a general tumor front geometry) Equation (6) provides a critical curvature (reminiscent of the classical Greenspan model [22]) kc = (v/μ)∇Q ∙ n, such that for k < kc the tumor interface locally has a positive velocity, for k > kc the tumor interface locally has a negative velocity and for k = kc the tumor interface locally has vanishing velocity. Note that this is precisely the reason for the dynamical instability that guarantees the development of invasive branches. Tumor invasion will take place on the tumor surface wherever the local curvature is below the critical value kc. This result agrees with the specific case considered in [23]. Invasive tumor growth is a consequence of this critical curvature (see Figure 1).

	The inclusion of homotype chemotaxis is straightforward (the only sophistication is the existence of two outer equations). In [9], it was shown that homochemotaxis enhances the growth rate of the invading branches but cannot, by itself, generate it.
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Figure 1. Sketch of the heterotype chemo-attractant effect on tumor cell invasive drift. Dashed lines represent level sets of Q and arrows represent the local normal velocity of the tumor cells due to chemotaxis (the length of the arrows is proportional to the normal velocity) [9].
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Figure 2. (a) Numerical simulation of tumor branching induced by a heterotype chemotactic source located at x = Lx. The plot represents the tumor density field U(x, y, t). (b) Cross-section of the tumor in panel (a) for different times [9].

Thus, the sharp-interface limit explains the role of proliferation (decaying growth rate) and chemotaxis (branching instability). Additional benefits of the phase-field approach lay on the fact that the full equations allow us to obtain the evolution of the morphology. In Figure 2, some branching morphologies are shown: (a) top view and (b) cross-section. The comparison between the in silico and in vitro tumors is suggestive (see [24] and [16]).


 2.1.3. Conclusion 

In summary, in this section we have emphasized that the phase-field approach allows us to write down relatively simple models which provide straightforward analytic predictions combining well established reaction-diffusion models in the light of phase-field techniques. In addition, it proves to be very useful for interdisciplinary cancer research as it provides the following, at least in part experimentally testable hypotheses:


	tumor cell proliferation by itself cannot generate the invasive branching behavior observed experimentally, yet, proliferation is a requirement for invasion;

	heterotype chemotaxis provides an instability mechanism that leads to the onset of tumor cell invasion; and

	homotype chemotaxis does not provide such a mechanism but enhances the mean speed of the tumor surface.



As we will show in Section 4.1, the identification between reaction-diffusion and phase-field can be performed systematically in order to include mechanical stress, necrosis and, in general, internal forces between the cells (beyond the pure excluded volume interaction of the reaction-diffusion formulation).



2.2. Phase-field and angiogenesis

Tumor simulation is currently able to quantitatively reproduce features of vascular tumor growth in systems in vivo [25]. It may be envisaged in the future as a reliable companion of experimental and clinical work, helping to clarify the processes and mechanisms in this type of system. As in tumor simulation, the intrinsic multiscale nature of tumor angiogenesis, led different research groups to address the topic from either the macroscopic or the microscopic perspective.

The first simulations were done 20 years ago using diffusion equations, and many others followed the same strategy (reviewed in [26]). These models describe the system macroscopically through average endothelial cell densities. Some of these works are able to delimitate a capillary by considering the points where the concentration of endothelial cells is higher, but do not show evidence of branching and do not predict the resulting capillary network.

In the context of continuous models, the possibility of pattern formation through mechanical interaction between endothelial cells and the extra-cellular matrix has been considered in the literature [27,28,29 and 30]. The main focus of these works was on the cell motion in hard substrates in vitro. These models consider a strain dependent diffusion constant for the endothelial cells which are also advected by a velocity field. This field is obtained through balancing the cell generated traction (written through a constitutive relation as a function of the local endothelial cell density) together with the viscoelastic extra-cellular matrix restoring forces and the anchoring forces to the Petri dish. The authors are able to qualitatively reproduce the patterns observed in these experiments, and to obtain the experimentally observed range of endothelial cell densities [30].

From the beginning of the 1990s microscopic cell based models have been used to model processes in the context of angiogenesis [31,32,33,34,35,36,37 and 38]. The large number of different cells in the tissue and the many processes in which they participate are a major stumbling block to cell based models. Some of these models incorporate an extremely large number of rules and parameters, while being hard to control, because of their high sensitivity to small modifications. This is of importance, since many of the required parameters are a true challenge to measure and have to be postulated.

Because it gives rise to a hierarchical network of capillaries, modeling angiogenesis is intrinsically different from modeling tumor growth. At the tip of each growing capillary there is a differentiated (or activated [40]) cell. This cell opens a pathway in the existing media responding to the environment differently from the other capillary cells. Hence, the natural modeling framework is a hybrid model [41] with particular rules for the tip cells and continuous/phase-field dynamics for the rest of the system. This model will reproduce the thickness of the vessels in an earlier stage of angiogenesis, before the blood has a chance to remodel the vessel network. It will correctly describe systems where the growth and receding of vessels is fast, such as in inflammation or early vascularization in tumor growth.

2.2.1. Model

A phase-field description of the stalk cells has been undertaken by Travasso et al. [10]. This model treats, in a controlled manner, the different scales of the problem, incorporating the correct physiological branching mechanism. Recently it was proved that endothelial cell activation, which is responsible for the sprouting of new branches, is controlled by the Notch signaling pathway [42]. This mechanism, until now, has rarely been considered in angiogenesis modeling [38,39]. The Notch is a intracellular pathway which takes as input the activation of a membrane protein specifically by proteins attached to the membrane of a neighboring cell. It allows the communication between neighboring cells in diverse processes of life and it is pivotal during both embryogenesis and angiogenesis. In angiogenesis, this communication forbids the neighbor from an activated cell to be sensitive to VEGF, not being able to become activated.

Proliferative and non-activated cells are described by the phase-field part of the model. An order parameter ϕ is introduced which is equal to —1 outside the capillary and +1 inside it. Values of ϕ larger than one correspond to areas of high proliferation of endothelial cells which will lead to the widening of the capillary.

In this model, the authors started with the Cahn-Hilliard description of the ϕ dynamics as a function of the VEGF concentration T:
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The proliferation rate is given by αp(T) and Θ(ϕ) is the Heaviside function.

The VEGF is produced at the tissue cells and obeys a diffusion equation with a consumption term:
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where αc is the consumption rate.

The migration and activation of endothelial cells correspond to phenomena at the cell scale, and are implemented in the model through the cell based component. Endothelial cell activation in the model occurs at points where T, ∇T and ϕ are above specific cut-off values if two distance requirements are satisfied. Firstly, the center of the new cell must be located further than a cell radius length from the surface of the capillary, and secondly it must also be located at least two diameters away from any other activated cell center (because Notch signaling forbids the activation of neighboring cells). At most one cell is activated per integration time step.

The equation describing the activated cell velocity v, qualitatively with the same form used in Equation (6), is given by

(9)
 
  v=χ(T,∇T)∇T,


where χ(T, ∇T) is the chemotactic response of the endothelial cells.

As in the biological system, when the signal is removed, the endothelial cell returns to a non-activated state: an activated cell will be removed from the system when the concentration and gradient of VEGF both fall below the activation value.

To merge the tip cell dynamics with the phase-field description, the value of the order parameter inside the tip cell is related to the proliferation rate αp(T) and the chemotactic response of the cells χ (through |v|):

(10)
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where Rc is the cell radius. This expression is obtained by calculating excess cell density by proliferation occurring as the tip cell moves chemotactically in the tissue. Per unit time, the material produced in the region of the activated cell is αp(T)πR2c, and the area the cell sweeps per unit time is 2Rc|v|. Dividing the material amount by the area, ϕtip is obtained. If the value of ϕtip is smaller than 1, then the capillary formed will become thinner than 2Rc unless proliferating cells fill it in, while if ϕtip is larger than 1, the resulting capillaries will become thicker than 2Rc. Hence, this value of ϕtip does not describe the density of cells at the tip cell, a meaningless concept per se, but the density of stalk cells on the trail of the tip cell.

2.2.2. Results and conclusions

This simple model captures varied features of the angiogenesis dynamics, produces ramified networks (see Figure 3), achieves important qualitative conclusions and predicts and explains experimental observations.

Chemotaxis and proliferation rates are shown to be two extremely important parameters for the tailoring of the capillary network. They function as tuning knobs for the number of ramification points and vessel thickness in the network. In fact, decreasing the proliferation leads to thinner and less ramified vessels, while decreasing the chemotactic coefficient leads to thicker and less ramified vessels (Figure 3). The tissues may use these two parameters, controlled by the tissue properties and the environment signals, to specify networks with different properties in different parts of the organism.
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Figure 3. Numerical simulation of angiogenesis with the phase-field model described in [10]. (a) Resulting capillary network growing above a tissue in hypoxia. (b) Capillary network for reduced endothelial cell proliferation (αp reduced to one third). Capillaries are thin and less ramified. (c) Capillary network for reduced endothelial cell chemotaxis response - χ is 40% of the corresponding value in (a). Capillaries are thick and less ramified.

Hence, the reason for the precise control by the organism of the angiogenesis process in vivo is evident, for example in situations of embryogenesis. This work demonstrates how angiogenesis is extremely sensitive to a variation of simply two or three-fold in either the endothelial cell proliferation rate or chemotactic coefficient, resulting in completely different capillary networks. This is also verified in vivo where an embryo is not able to form a functioning vasculature if one of the allele has a deletion in the VEGF gene.

The model also agrees qualitatively with experimental results, where metallo-proteinases production by the tissue cells was varied [43,44]. This protein controls indirectly the diffusion behaviors for different types of VEGF molecules. When this mechanism was introduced in the model, it was verified thickening and merging of the vessels as the amount of metalloproteinases was increased in the system. This effect was only observed in the regime where the tip cell velocity does not depend on the magnitude of the VEGF gradient, i.e. the cells are moving at the maximum velocity allowed by the tissue. Hence the model predicts that what is limiting the velocity of the tip cell in the experimental setup of [44] is the tissue and not the gradient of VEGF, which has the primary function of directing the tip cell.

It is remarkable that a simple phase-field model can provide these insights into the process of angiogenesis. The pathway for the improvement of the model is readily seen by introducing elastic properties that can be measured in the system and can be implemented within the phase-field framework. More challenging will be to write a phase-field description for the tip of the capillary allowing analytical study of the system.




3. Phase-field and the multiphase tumor modeling

During the 1990s each research group created its own simple model for tumor growth focused on a special feature of the process. In this century, the models became more complete and the interaction between different groups led to models including a whole panoply of mechanisms in tumor growth. These models can be easily adapted to simulate particular types of tumors, but have the drawback of being very hard to explore because of the large number of parameters [25,45]. Multiphase models belong to this type of complex model. The governing equations for the tumor environment are based on mixture theory and are the result of reaction-diffusion equations coupled with constitutive equations describing the relation between the flow velocity and stress tensor [46,47,48,49 and 50]. Some of these models [51,52] describe vascular tumors and include the model for angiogenesis dynamics described in [36].

Recently, Frieboes et al. and Cristini et al. [52,53] obtained a phase-field version of their multiphase model for avascular tumor growth [54]. Cristini et al. showed that this approach can get rid of thermodynamic inconsistencies of the multiphase description while both models still share the same form in the linear regime [53]. This work is a major step forward since it opens this area of research to the phase-field community.


3.1. The model

We follow here the derivation of the model in [53]. The authors start by writing a conservation equation for each of the N phase’s volume fractions ϕk, with k = 0,..., N - 1, corresponding to the different cell types, with k = 0 corresponding to the liquid phase:
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where ρk is the density of each phase. In this equation, jk and vk are the flux and velocity of each component corresponding, respectively, to the processes of diffusion and advection. The factor Γk represents the rate of increase or decrease of a component k due to biological processes (proliferation or death). The different component fluxes are given by (for k ≠ 0)

(12)
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By conservation of mass,

(13)
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Mik gives the mobility of phase i in phase k and μik is the chemical potential given as a function of the system’s free energy. The existence of the free energy based description is the main difference between this approach and the other mixture models previously mentioned. Later the considered free energy density F will be of the Ginzburg-Landau type, but, in general, Fwill be a function of the various ϕk and ∇ϕk for each component. The Ginzburg-Landau functional has two ingredients: a potential (for example, a double-well potential, whose role was stressed above) and an interfacial term. This term is an energy penalty related to the existence of interfaces between the different phases of the system. This is an effective way to model the preference for a tumor cell to be attached to other tumor cells. In fact, a solid tumor is compact and resistant to deformations (in opposition to a micelle or a membrane). The potential is used to constrain the field (outside the interfaces) to the potential’s minima, corresponding to the various phases of the system. The chemical potential can be defined as
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where p is the pressure.

For Γk different descriptions for the biology can be taken. One of the simplest is to consider that the tumor phase, corresponding to k = 1 for example, increases at rate λp with the concentration of nutrient n, and the tumor cells convert into the liquid phase by apoptosis at rate λa:

(15)
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If we are dealing with a two phase model constituted by tumor and interstitial liquid, then Γ0 = -Γ1. In general ΣkΓk = 0. Equation (15) represents a simple example of how these terms can be written into the model. Their form depends on the phenomena required to model and on its level of complexity.

The applications of this model discussed in [53] consider the tumor as a porous medium with the dynamics dominated by the advection term. This regime is valid for large enough phase domains [55], and so the coefficients Mik in Equation (12) are set identically equal to zero.

The velocity field obeys the following incompressibility condition:

(16)
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The authors follow [50,54] to write a constitutive equation relating the free energy and the velocity field to the stress tensor. There is extensive practice in writing constitutive relations of this type in the mixture model formulation which serves the basis for this phase-field model. In particular, the considered general constitutive relation for the stress tensor is

(17)
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where L is a positive definite symmetric tensor related to the local viscosity of the medium and is able to include the anisotropy given by the fiber directions.

There is also a constitutive relation for the density of forces between the different components of the mixture πk:
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The symmetric positive definite matrix αk describes the forces acting on component k for moving with respect to the fluid phase with relative velocity vk - v0. Let us consider the absence of external body forces. Hence

(19)
 
  ∇⋅
   σ
   k
  
  =−
   π
   k
  
  .


This equation relates the two constitutive equations, (17) and (18), enabling the writing of the velocity field as a function of the free energy density and the composition of the mixture. The incompressibility relation (16) allows us to solve the pressure.

From Equation (19), considering linear momentum conservation, one obtains the force matrix on the fluid phase: π0 = -ΣkΓk. The slow motion of the fluid through the porous media constituted by the tissue cells is driven by the pressure gradient, and the viscosity does not play an important role [50]. Hence, considering L0 = 0, Equation (19) becomes the Darcy law:
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Cell–cell adhesion can be implemented by a Ginzburg–Landau free energy density where the interface between the different phases is the result of a term proportional to the square of the order parameter gradient modulus:

(21)
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where cl are the various chemical factors controlling the dynamics of the cells and χkl are the corresponding chemotactic coefficients. The responses to these agents are included directly in the energy of the system and will drive the order parameter in the dynamical Cahn–Hilliard equation (11) through the advection term. Finally, from (19), the velocity of each component obeys
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with
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3.2. Results and conclusions

We have carefully formed here the most general equations for the phase-field description of the mixture model developed in [53]. Equations (20) and (22) together with Equation (16) allow for the calculus of the velocity field as a function of the composition of the mixture. Then this velocity is included in the Cahn–Hilliard equation (11) to obtain the evolution of the different concentration fields.

In [53], the authors proceed to apply the complete model to a simpler system: a two component phase-field model (liquid plus tumor). After defining this model they compare it with other existing models in the literature, verifying that it can be regarded as a simpler phase-field description of the model in [50], and in the sharp interface limit it reproduces existing single phase models in the literature.

The non-dimensional version of the simplified phase-field equations is similar to those derived in Section 4.1.1:
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(25)
 
  ∇⋅(D(ϕ)∇n)−nϕ=0.


In these equations, the variables P, A, G, χ, ε and D are non-dimensional combinations of the original variables. The third equation represents the fast diffusion of the nutrient throughout the tissue with respect to the slower tumor growth. The last term of the second equation represents the tumor chemotaxis driven by the nutrient.

The simulation of a 2D system using a multilevel multigrid scheme [61] yields surprising results. In an avascular situation and with no replenished nutrient, the authors verify the evolution of a tumor from a circular shape into a ramified structure (see Figure 4). This nonlinear model displays a shape instability which leads to the formation of a finger-like structure similar to structures observed in vivo in hypoxia induced invasive growth [62]. In fact, hypoxia may drive the formation of these structures in spherical tumor aggregates when the tumor cells are able to move chemotactically in oxygen deprived conditions.
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Figure 4. Evolution of the tumor surface according to the two component version of the model presented in [53]. An initial, almost circular tumor develops branches that become much thinner with time. In (a) the proliferation rate (in Γ1) is one-fifth of the proliferation in (b) [53]. With kind permission from Springer Science + Business Media, Journal of Mathematical Biology, Nonlinear simulation of solid tumor growth using a mixture model: invasion and branching, Vol. 58, 2009, p. 723, V. Cristini, X. Li, J.S. Lowengrub and S.M. Wise.

In the simulation, the ramified structures always evolve in time until the model becomes invalid due to the formation of very thin domains. The instabilities are shown to be more dramatic at low proliferation rates while the fingers become thicker with the increase of the proliferation rate. Nutrient chemotaxis has been shown to be an important driver for the instability, though it is not a requirement, i.e. the fingering occurs at χ = 0. This model does not present a cut-off curvature for branching as is the case of the model presented in Section 2.1.1 which simulated tumor dynamics in the matrigel, a much stiffer medium, than is the case here.

In [52], this model is applied to a vascular glioma, by including an angiogenesis model developed by Plank and Sleeman [14,15]. Tumor growth is simulated in a truly realistic environment consisting of various tissues: white matter, gray matter and bone. The model is able to produce quantitative predictions for the size and evolution of the tumor in time.




4. General picture, future research directions

Until now we have shown the current applications of phase-field models in tumor growth and related processes. We now need to find ways to improve these models, which can be done within the phase-field framework. First we introduce a simple and systematic way to write a phase-field model from the current mixture models in the literature. Then, we should be able to include extra relevant phenomena, such as soft tissue dynamics. There are various ways of introducing mechanical effects in a phase-field model.


4.1. Systematic approach to multiphase-field mixtures

In Equation (11), the fields ϕk are still not phase-fields but volume fractions of the total density. However, in the spirit of Section 2.1, one can formalize the connection between these two approaches in order to clarify the role of different mechanisms on the tumor boundary. Note that, in practice, the theory of mixtures is an elegant approach but difficult to analyze without making strong assumptions on the shape of the tumor or the constitutive equations. Moreover, the dependence of the dynamics on the specific form of the reaction terms makes them less universal than their phase-field counterparts.

The idea behind the mapping between the theory of mixtures and multiphase-field models is that reaction terms have two roles:


	(i) to define fixed-points of the dynamics; and

	(ii) to establish reaction rates.



The first one defines the number of phases and the second one allows us to perform a parameter reduction through effective coarse grained time-scales.


4.1.1. Systematic mapping procedure

In previous sections, we have introduced the philosophy behind the mapping between the theory of mixtures and the multiphase-field approach to tumor modeling. In this section, we summarize the main steps of this mapping (for details see [56]):


	(i) First we need to rewrite the equations for the volume fractions, ϕk, in a more suitable way. We consider separately the dynamics of the interstitial fluid, which corresponds to the subindex 0 in Equation (18) and obeys the Navier-Stokes equation. One can assume that the motion of the cells takes place at low Reynolds numbers [57] so inertial terms in the equation for the conservation of momentum are negligible.

	(ii) Then, one can write an equation for the partial velocity of each phase through Equation (22). Thus, (26)
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	(iii) So far, steps (i) and (ii) are simply a bit of make-up, although they will allow us to proceed in a systematic way. The next step involves writing explicitly how the boundary of every phase, ϕk, evolves with time. From Equation (26) the boundaries obey
(27)
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	(iv) Finally, we can write down the equation for the multiphase-fields, k, which are defined by
(28)
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Being more specific, Equation (27) is translated to

(29)
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where F is a proper translation of the right-hand side of Equation (26) in terms of the new phase-fields, ψk.


	(v) By proper in (4) we mean that both formulations are equivalent in the sharp-interface limit through the solvability condition (using an inverse method based on the casuistry of the sharp-interface limit).



The last step is the most delicate one, so in order to make it clearer, here we illustrate it with the following example.

4.1.1.1. Tumor growth by proliferation+chemotaxis. Consider the simplest phase-field model, known as model A in the terminology of phase-transitions [58],

(30)
 
  
   ∂
   t
  
  ϕ=
   ϵ
   2
  
  
   ∇
   2
  
  ϕ+ϕ−
   ϕ
   3
  
  +ϵλ.


The sharp-interface limit provides the equation:

(31)
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If the constitutive equation for the velocity were to contain no curvature term, for instance, one should include an additional term in Equation (30) of the form κ|∇ϕ|2 to cancel the effective term υκ (this idea was used in [59]).

In addition, if chemotaxis is important, one could replace X by a chemotaxis term of the form ∇(χ(q)∇q).

Going back to the system proposed on Section 2.1.1, Equations (1)-(4), the equivalent phase-field model would be [56]:

(32)
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This equation needs some clarification. If the extra-cellular matrix is solid and there is no fluid phase (the matrigel in the case of the system reviewed in Section 2.1.1) then v0 = 0 and the mechanical interactions between the tumor cells and the matrigel can be removed from the last term and included effectively into the mobility M (which, otherwise, would be constant).



4.2. Mechanical aspects in phase-field modeling

Many tumors have distinctive elastic properties which should be considered during tumor growth [60]. Also in angiogenesis, the endothelial cell response to mechanical signals is at the core of the dynamics of capillary growth. In fact, it has been noticed that ‘because angiogenesis occurs in a mechanically dynamic environment, future investigations should aim at understanding how cells integrate chemical and mechanical signals so that a rational approach to controlling angiogenesis will become possible’ [63]. Still in [63] the authors call for computational models that correctly integrate this mechanical aspect into angiogenesis. This step is far from trivial, since the deformations are typically large. The phase-field community has worked extensively in the study of elastic stresses in materials applied mainly to small deformations. Even if this regime is not always relevant during tumor growth, it is important to probe the influence of stress in the growth of carcinomas and capillaries.

One of the first approaches to the study of elastic effects in the solid phase separation of alloys within the phase-field context was considered by Onuki et al. [64], who presented a Ginzburg-Landau theory that included a systematic analysis of the alloys’ elasticity. The elastic energy contribution to the total free energy in this type of model can be introduced directly by expressing the elastic strain energy as a function of field variables or by including coupling terms between the field variables and the displacement gradients in the free-energy functional:
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where fel(uij) is the elastic free energy term, fcl(ϕ, uij) the term coupling the strain and the phase-field, uij = ½(∂ui/∂xj + ∂uj/∂xi) is the strain, and ui the displacement field.

Following the Ginzburg-Landau approach, different phase-field models were proposed to study the dynamics of solid-liquid interfaces or solid-solid interfaces where the elastic effects are important (see [8] for a review).

The coupling free energy in first order is given by 
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. For an isotropic material and for a solid-liquid interface, for example, fel(ϕ, uij) is given by [65]:
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where κ is the compressibility and μ is the shear modulus in the soft liquid phase alone.

One important feature of these models is the adiabatic assumption, accomplished by the local mechanical equilibrium equation

(35)
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which is just a consequence of the reasonable assumption that the elastic field relaxes much faster than ϕ. Replacing the solution of this equation for the strain field one can express the free energy in terms of ϕ alone, considering the simplified case of the absence of external strain and a flat surface with ϕ = ϕ(y). Dynamics is then simulated via the standard relaxation dynamics given by the phase-field equation derived along the principles of Section 4.1.

The study of solid-solid phase transitions, including elasticity in the phase-field formulations, has been significantly developed recently. Following Khachaturyan’s theory of micro-elasticity (see [66,67] for reviews), a school of phase-field models emerged with different applications to microstructure evolution in the solid state. In the context of multicomponent systems, in grain growth systems, for example, multiphase-field models have also been developed in order to incorporate the elasticity properties of the different phases [68,69].

To solve the mechanical equilibrium equation (35), most existing phase-field simulations assume homogeneous elasticity where the difference in the elastic modulus between different phases is neglected. There have been significant efforts to incorporate elastic inhomogeneities in phase-field formulations through the dependence of the elastic modulus tensor on the field variables. When these inhomogeneities are small, first-order approximations may be employed [64,70,71]. High-order approximations were incorporated in [72] using an iterative approach, allowing strong elastic inhomogeneity. Following this approach an improved formulation was recently presented in [73] where a three-dimensional phase-field micro-elasticity theory for elastically inhomogeneous solids is presented. Note also that these elastic properties may be introduced directly in the multiphase-field approach described in Section 4.1.




5. Conclusion: phase-field and tumor dynamics

A tumor is a complex system with a variety of different mechanisms relevant to its growth. Adding to this complexity there are different types of tumors and their growth proceeds along different stages. It is crucial to find new ways to tackle this problem. The reasoning that solid tumor growth is at its core a moving boundary problem, where the different constituents in the system organize themselves in different phases, allows for the development of phase-field models applied to tumor growth dynamics. The phase-field models were originally developed in the physics community in the context of non-equilibrium systems to describe a whole range of materials science phenomena related to nucleation and growth of complex nonlinear problems with moving boundaries. The application of phase-field modeling to tumor growth provides the fascinating possibility of knowledge transfer between the materials science community and the biomedical and clinical communities.

Many of the biological experiments can only provide a qualitative description of tumor growth offering phase-field modeling an opportunity of playing an important role in their explanation. Here we have reviewed the most relevant phase-field approaches describing the mechanisms of tumor growth in its avascular and vascular stages of evolution. This method is specially useful when the phases are clearly defined as in a solid tumor, not describing lymphomas for example.

Phase-field models have been used to understand how hetero and homotype chemotaxis mechanisms compete and/or cooperate in the formation of tumor branching structures in its avascular stage. This model allowed us to conclude that although tumor cell proliferation is a requirement for invasive branching behavior it cannot generate the invasion by itself. It also showed that heterotype chemotaxis provides an instability mechanism that leads to the onset of tumor cell invasion and that homotype chemotaxis does not provide such a mechanism but enhances the mean speed of the tumor surface.

Phase-field models can also capture relevant features of the angiogenesis dynamics providing insights into the parameters controlling the final capillary network morphology as well as explaining mechanisms playing an important role in capillary formation in vivo.

Finally, we presented a recently developed phase-field description of a multiphase model for avascular tumor growth that is able to produce quantitative predictions for the size and evolution of the tumor.

After conducting an overview of the current applications of phase-field models in tumor growth we made a short incursion through the possible improvements of these models. We started by systematizing the process of mapping between the theory of mixtures and the multiphase-field approaches in order to understand how extra relevant phenomena, such as mechanical effects, may be included in tumor phase-field modeling. We then proceeded with a short review of the current phase-field approaches that included elastic effects in their modulation.

The phase-field model is a new approach for cancer modeling that is easily generalized to include more complicated mechanisms leading to a quantitative simulation of the in vivo problem, thus providing in the future a benchmark for the biomedical and clinical communities.
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